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ON APPROXIMABILITY BY EMBEDDINGS OF CYCLES IN THE PLANE
MIKHAIL SKOPENKOV
Abstract. We obtain a criterion for approximability of piecewise linear maps S1 → R2 by embeddings, anal-
ogous to the one proved by Minc for piecewise linear maps I → R2.
Theorem. Let ϕ : S1 → R2 be a piecewise linear map, which is simplicial for some triangulation of S1 with
k vertices. The map ϕ is approximable by embeddings if and only if for each i = 0, . . . , k the i-th derivative
ϕ(i) (defined by Minc) neither contains transversal self-intersections nor is the standard winding of degree
6∈ {−1, 0, 1}.
We deduce from the Minc result the completeness of the van Kampen obstruction to approximability by
embeddings of piecewise linear maps I → R2. We also generalize these criteria to simplicial maps T → S1 ⊂ R2,
where T is a graph without vertices of degree > 3.
1. Introduction
A PL map ϕ : K → R2 of a graph K is approximable by embeddings in the plane, if for each ε > 0 there is
an ε-close to ϕ map f : K → R2 without self-intersections. In the major part of this paper we consider the case
when ϕ is either a path or a cycle, i. e. either K ∼= I or K ∼= S1.
Example 1.1. [12] The standard d-winding S1 → S1 ⊂ R2 is approximable by embeddings in the plane if and
only if d ∈ {−1, 0, 1}.
It can be also proved that a simplicial map S1 → S1 is approximable by embeddings if and only if its degree
d ∈ {−1, 0, 1} (see Theorem 1.3). A transversal self-intersection of a PL map ϕ : K → R2 is a pair of disjoint
arcs i, j ⊂ K such that ϕi and ϕj intersect transversally in the plane.
Example 1.2. An Euler path or cycle in a graph in the plane is approximable by embeddings if and only if it
does not have transversal self-intersections (hence any Euler graph in the plane has an Euler cycle, approximable
by embeddings).
The notion of approximability by embeddings appeared in studies of embeddability of compacta into R2 (see
[12, 14, 11], for recent surveys see [7, §9], [2, §4], [8, §1], we return to this topic in the end of §1.) There exists an
algorithm of checking whether a given simplicial map is approximable by embeddings (see [13], or else Simple-
minded Criterion 4.1 below). A more convenient to apply criterion for approximability by embeddings of a
simplicial path in the plane was proved in [6] (Theorem 1.3.I below, generalizing Example 1.2). The main result
of this paper is an analogous criterion for approximability by embeddings of a cycle in the plane (Theorem 1.3.S
below, also generalizing Example 1.2). These criteria assert that, in some sense, transversal self-intersections
are the only obstructions to approximability by embeddings. Clearly, this is not true literally [12], and there is
no Kuratowsky-type criterion.
We state our criterion (Theorem 1.3) in terms of the derivative of a path [5], [6, ”the operation d”]. Let us
give the definition (Fig. 1). First let us define the derivative G′ of a graph G (it is a synonym for line graph
and dual graph). The vertex set of the graph G′ is in 1-1 correspondence with the edge set of G. For an edge
a ⊂ G denote by a′ ∈ G′ the corresponding vertex. Vertices a′ and b′ of G′ are joined by an edge if and only if
the edges a and b are adjacent in G. Note that the derivatives G′ and H ′ of homeomorphic but not isomorphic
graphs G and H are not necessarily homeomorphic.
Now let ϕ be a path in the graph G given by the sequence of vertices x1, . . . , xk ∈ G, where xi and xi+1
are joined by an edge. Then (x1x2)
′, . . . , (xk−1xk)
′ is a sequence of vertices of G′. In this sequence replace
each segment (xixi+1)
′, (xi+1xi+2), . . . , (xj−1xj)
′ such that (xixi+1)
′ = (xi+1xi+2)
′ = · · · = (xj−1xj)
′ by a
single vertex. The obtained sequence of vertices determines a path in the graph G′. This path ϕ′ is called the
derivative of the path ϕ.
A 5-od (the cone over 5 points) is a planar graph whose derivative is the Kuratowsky graph, which is not
planar. But if G ⊂ R2 and the path ϕ does not have transversal self-intersections, then the image of the
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ϕ ϕ′ ϕ′′
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Figure 1. Derivatives of graphs and paths
map ϕ′ is a planar subgraph G′ϕ ⊂ G
′ (we give the construction of a natural embedding G′ϕ → R
2 in §2,
Definition of N ′). Change G′ to the image G′ϕ and ϕ
′ to its onto restriction ϕ′ : I → G′ϕ. Define the k-th
derivative ϕ(k) inductively. For a cycle ϕ the definition of the derivative cycle ϕ′ is analogous.
An example to be used in the sequel is that ϕ′ = ϕ for a standard d-winding ϕ : S1 → S1 with d 6= 0. Clearly,
ϕ′ is an embedding for any Euler path or cycle ϕ. Thus Example 1.2 is indeed a specific case of the following
theorem.
Theorem 1.3. I) [6] Let ϕ : I → R2 be a PL map, which is simplicial for some triangulation of I with k
vertices. The map ϕ is approximable by embeddings if and only if for each i = 0, . . . , k the i-th derivative ϕ(i)
does not contain transversal self-intersections.
S) Let ϕ : S1 → R2 be a PL map, which is simplicial for some triangulation of S1 with k vertices. The map
ϕ is approximable by embeddings if and only if for each i = 0, . . . , k the i-th derivative ϕ(i) neither contains
transversal self-intersections nor is the standard winding of degree d 6∈ {−1, 0, 1}.
We prove both 1.3.I and 1.3.S in §2. Our proof of 1.3.I is simpler than the one given in [6].
In §3 we apply Theorem 1.3 to prove the following criterion.
Corollary 1.4. A PL map ϕ : I → R2 is approximable by embeddings if and only if one of the following
equivalent conditions holds:
D) (the deleted product property) There is a map {(x, y) ∈ I × I x 6= y} → S1 such that its restriction to the
set {(x, y) ∈ I × I : ϕx 6= ϕy} is homotopic to the map given by the formula ϕ˜(x, y) = ϕx−ϕy‖ϕx−ϕy‖ ;
V) the van Kampen obstruction (defined in §3) v(ϕ) = 0.
The criterion 1.4.V, although more difficult to state, is more easy to apply than 1.3.I and 1.4.D. In Corol-
lary 1.4 the arc I cannot be replaced by S1: the standard 3-winding is a counterexample [8]. Obstructions
like 1.4.D and 1.4.V appear in the related theory of approximability by link maps, i. e. by maps with disjoint
images, but the criteria analogous to 1.3.I and 1.4.DV are not true (Example 3.3 below). In §3 we show that
the n-dimensional generalizations of conditions 1.4.D and 1.4.V are equivalent for any PL maps ϕ : Kn → R2n
(Proposition 3.2 below).
In §4 we generalize criteria 1.3 and 1.4 to PL maps ϕ : K → R2, where K is an arbitrary graph [16]. We
prove the following theorem (see Definition of the derivative in §2).
Theorem 1.5. Let T be a graph without vertices of degree > 3. Suppose that T has k vertices. A simplicial
map ϕ : T → S1 ⊂ R2 is approximable by embeddings if and only if the van Kampen obstruction v(ϕ) = 0 and
ϕ(k) does not contain standard windings of degree d 6= ±1, d odd.
Conjecture 1.6. Theorem 1.5 is true for a simplicial map ϕ : K → G ⊂ R2, where K and G are arbitrary
graphs.
If Conjecture 1.6 is true, then a simplicial map ϕ : T → R2 of a tree T is approximable by embeddings if and
only if v(ϕ) = 0 [2, Problem 4.5].
Conjecture 1.7. A piecewise linear path ϕ : I → R2 is approximable by embeddings if and only if for each
pair of arcs I1, I2 ⊂ I such that I1 ∩ I2 = ∅ the pair of restrictions ϕ : I1 → R2 and ϕ : I2 → R2 is approximable
by link maps (i. e. maps with disjoint images).
We conclude §1 by some words on the history of the notion of approximability by embeddings. We define the
decomposition of a 1-dimensional compactum into an inverse limit and show how the notion of approximability
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by embeddings appears in studies of planarity of this compactum. We do not use this definition in our paper.
To give an example, let us construct the 2-adic van Danzig solenoid. Take a solid torus T1 ⊂ R3. Let T2 ⊂ T1
be a solid torus going twice along the axis of the torus T1. Analogously, take T3 ⊂ T2 going twice along the
axis of T2. Continuing in the similar way, we obtain an infinite sequence of solid tori T1 ⊃ T2 ⊃ T3 ⊃ . . . The
intersection of all tori Ti is a 1-dimensional compactum and is called the 2-adic van Danzig solenoid. By the
inverse limit of an infinite sequence of graphs and simplicial maps between them K1 K2
ϕ1
oo K3
ϕ2
oo . . .
ϕ3
oo
we mean the compactum
C = { (x1, x2, . . . ) ∈ l2 : xi ∈ Ki and ϕixi+1 = xi }.
One can see from our construction that for the van Danzig solenoid all Ki ∼= S1 and all ϕi are 2-windings. It
can be proved that any 1-dimensional compactum can be represented as an inverse limit. Such representation
shows that any 1-dimensional compactum can be embedded into R3. It also gives an easy sufficient condition
to planarity: for each positive integer i there should exist an embedding fi : Ki → R2 such that the map fi ◦ϕi
is approximable by embeddings and fi+1 is 2
−i-close to fi ◦ ϕi.
2. Proofs
Theorem 1.3 follows from Example 1.1 and Lemmas 2.1, 2.2.A (for K ∼= I, S1) and 2.3, which are interesting
results in themselves.
Lemma 2.1. (for K ∼= I see [6]) Suppose that a simplicial map ϕ : K → G ⊂ R2 of a graph K ∼= S1 or K ∼= I
does not have transversal self-intersections. If ϕ′ is approximable by embeddings, then ϕ is approximable by
embeddings.
Lemma 2.2. A) [6] If a simplicial map ϕ : K → G ⊂ R2 is approximable by embeddings, then the map ϕ′ is
approximable by embeddings.
V) If a simplicial map ϕ : K → G ⊂ R2 is approximable by mod 2-embeddings, then the map ϕ′ is
approximable by mod 2-embeddings.
Here a mod 2-embedding is a general position map f : K → R2 such that for each pair a, b of disjoint edges
of K the set fa∩ fb consists of an even number of points. Definition of the derivative ϕ′ needed for Lemma 2.2
is presented below
Lemma 2.3. Let ϕ : S1 → G be a PL map, which is simplicial for some triangulation of S1 with k vertices.
Then either the domain of ϕ(k) is empty or ϕ(k) is a standard winding of degree d 6= 0.
This number d can be considered as the generalization of the degree of any simplicial map S1 → G. So it
is interesting to get the solution of the following problem (it may also make criteria 1.3 and 1.5 more easy to
apply).
Problem 2.4. Find an easy algorithm for calculation of the degree of the winding ϕ(∞) for a given PL map
ϕ : S1 → G.
Futher we use the following generalization of the definition of the derivative of a path stated in §1.
Definition (Definition of the derivative [6], see Fig. 1 and a part of Fig. 4). First let us construct the graphK ′ϕ,
which is the domain of the derivative ϕ′. By a ϕ-component of the graph K we mean any connected component
α of ϕ−1a mapped onto a, for some edge a ⊂ G. The vertex set of K ′ϕ is in 1-1 correspondence with the set of
all ϕ-components. For a ϕ-component α ⊂ K denote by α′ ∈ K ′ϕ the corresponding vertex. Vertices α
′ and β′
are joined by an edge in K ′ϕ if and only if α ∩ β 6= ∅. The derivative ϕ
′ : K ′ϕ → G
′ is a simplicial map defined
on the vertices K ′ϕ by the formula ϕ
′α′ = (ϕα)′. Change ϕ′ to its onto restriction ϕ′ : K ′ϕ → ϕ
′K ′ϕ. (In the
original definition [6] G′ is denoted by D(G), ϕ′ by d[ϕ] and K ′ϕ by D(ϕ,K).)
Proof of 2.3. We say that a simplicial map ϕ : K → G is ultra-nondegenerate, if for each edge a ⊂ K the image
ϕa is an edge of G and for each pair a, b ⊂ K of adjacent edges we have ϕa 6= ϕb. Denote by |K| the number
of vertices in a graph K. Clearly, if K ∼= S1, then |K ′ϕ| ≤ |K|, and |K
′
ϕ| = |K| only if ϕ is ultra-nondegenerate.
Therefore it suffices to prove the lemma for this latter case (because the cases K ′ϕ
∼= I or K ′ϕ is a point are
trivial). In this case the lemma is obvious, but we give the proof.
Let us prove that if an ultra-light simplicial onto map ϕ : K → G of the graph K ∼= S1 is not a standard
winding of a nonzero degree, then |G′| > |G|. Note that for ultra-nondegenerate ϕ : S1 → G the graph G
does not contain hanging vertices. If the degree of each vertex of G is two, then ϕ is an ultra-nondegenerate
simplicial map S1 → S1, consequently ϕ is a standard winding, that contradicts to our assumption. So G
contains a vertex of degree at least 3. Then by the above the number of edges of G is greater than the number
of vertices, hence |G′| > |G|. Since for a simplicial onto map ϕ : K → G we have 1 ≤ |G| ≤ |K|, it follows
that |G|, |G′|, . . . , |G(k)| ≤ k (recall that we define ϕ′ to be an onto map). This yields that one (and then
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N
Na∩b
N(b)
N(a)
N ′a′b′
N ′
Figure 2. Derivative of a thickening
k-th) of the derivatives ϕ, . . . , ϕ(k) is a standard winding of a nonzero degree, because otherwise we obtain
1 + k ≤ |G|+ k ≤ |G(k)| ≤ k. 
Now let us give the proposed construction of the embedding G′ϕ → R
2. It is more convenient for us to
consider thickenings of the graphs rather than embeddings of the graphs into the plane. Then the proposed
construction is equivalent to the construction of the derivative of a thickening (Definition of N ′ below). Further
we assume that a thickening N of the graph G in the plane (i. e., a regular neighbourhood of G ⊂ R2) is fixed.
We also assume that a handle decomposition (denoted by S)
N =
⋃
x∈vertex set of G
Nx ∪
⋃
a∈edge set of G
N(a)
corresponding to the graph G is also fixed, where Nx are 2-discs and N(a) are joining them strips. Denote by
Na the restriction Nx ∪N(a) ∪Ny of N to an edge a = xy. Actually, we do not use the planarity of N in our
proofs, the thickening N can be assumed to be just orientable (orientability is needed for Example 1.1). Let us
state the definition of the derivative N ′ of a thickening N . This thickening N ′ depends on the simplicial map
ϕ : K → G ⊂ N and is well-defined only if ϕ does not contain transversal self-intersections. Moreover, for an
arbitrary K we must also assume that there are no pairs of arcs i, j ⊂ K (not necessarily disjoint!) such that
the intersection ϕi ∩ ϕj is transversal.
Definition (Definition of N ′, see Fig. 2). Let ϕ : K → G ⊂ N be a simplicial map such that for any pair of
arcs i, j ⊂ K the intersection ϕi ∩ ϕj (maybe empty) is not transversal. Let us construct discs N ′a′ for each
vertex a′ ∈ G′ and strips N ′(a′b′) for each edge a
′b′ ⊂ G′. Then N ′ together with its handle decomposition S′ is
defined by the formula N ′ =
⋃
N ′a′ ∪
⋃
N ′(a′b′). Here we take N
′
a′ = N(a) for each edge a ⊂ G. For each pair
a, b ⊂ G of adjacent edges such that (ϕ′)−1(a′b′) 6= ∅ we join the two discs N ′a′ and N
′
b′ by a narrow strip N
′
(a′b′)
in Na∩b. Since the intersection of arcs a∪ b and c∪ d is not transversal for any pair of adjacent edges c, d ⊂ K,
it follows that we can choose the strips N ′(a′b′) so that they do not intersect for distinct a
′b′.
This definition can also be considered as a construction of an embedding N ′ → N , and also G′ϕ → R
2.
Note that S′ and the topological type of N ′ do not depend on the choice of the strips N ′(a′b′) in our definition.
The alternative definition of the derivative thickening D(N) in [6] does not depend also on the map ϕ. The
thickening N ′ of our paper means the subthickening of D(N) of [6], corresponding to the subgraph G′ϕ ⊂ G
′.
Clearly, for investigation of approximability by embeddings of simplicial maps K → G ⊂ R2 it suffices to
consider only the approximations f : K → N . Now we are going to reduce the problem of approximability by
embeddings of a given map to the problem of existance of an embedding close to it in some sense (S-close to
it).
Definition (Definition of an S-approximation, cf. [6]). A map f : K → N is an S-approximation of the map
ϕ, or f is S-close to ϕ, if the following conditions hold:
(1) fx ⊂ Nϕx for each vertex or edge x of K
(2) x ∩ f−1N(ϕx) is connected for each edge x of K with nondegenerate ϕx.
Proposition 2.9 in [6] asserts that the map ϕ : K → G is approximable by embeddings if and only if there is
an embedding f : K → N , S-close to ϕ.
A PL map ϕ : K → N is degenerate, if ϕc is a point for some edge c ⊂ K. Now let us prove the following
easy Contracting Edge Proposition 2.5 that in some sense allows us to assume that in 2.1 and 2.2 the map ϕ is
nondegenerate.
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fc fK f(K/c)
a b
Figure 3. Moves for degenerate maps
Proposition 2.5 (Contracting Edge Proposition). Let ϕ : K → G be a simplicial map such that ϕc is a point
for some edge c ⊂ K. Let K/c be the graph obtained from K by contracting the edge c, and let ϕ/c : K/c→ G
be the corresponding map. Then
D) K ′ϕ/c = K
′
ϕ, G
′
ϕ = G
′
ϕ/c and (ϕ/c)
′ = ϕ′.
A) for K ∼= S1 or K ∼= I the map ϕ/c is approximable by embeddings if and only if ϕ is approximable by
embeddings.
K) for an arbitrary K if ϕ is approximable by embeddings, then ϕ/c is approximable by embeddings.
V) If ϕ is approximable by mod 2-embeddings, then ϕ/c is approximable by mod 2-embeddings.
Proof of 2.5. D) is obvious.
A) Let us prove the direct implication. Let f : K/c→ N be an embedding, S-close to ϕ/c. Let a ⊂ K be an
edge adjacent to c (if c is a connected component of K, then the proposition is obvious). Add a new vertex to
the edge a of the graph K/c (Fig. 3.a). Since K ∼= S1 or K ∼= I, it follows that the obtained graph is isomorphic
to K and the embedding f : K → N is the required. The reverse implication is a specific case of statement K).
K) Let f : K → N be an embedding, S-close to ϕ. Make the move shown in Fig. 3.b. We obtain an
embedding f¯ : K/c→ N , S-close to ϕ/c.
V) Let f be a mod 2-embedding, S-close to ϕ. Make the move shown in Fig 3.b. We obtain an S-close
to ϕ/c map f¯ : K/c → N . It suffices to prove that |f¯a ∩ f¯ b| = 0 (mod 2) for each pair of disjoint edges
a, b ⊂ (K/c). Indeed, both a and b are also edges of K, and at least one of them is not adjacent to c (because
a and b are disjoint in K/c). If neither a nor b is adjacent to c, then |f¯a ∩ f¯ b| = |fa ∩ fb| = 0 (mod 2). If, for
example, b ∈ K is adjacent to c and a is not adjacent to c, then |f¯a ∩ f¯ b| = |fa ∩ fb|+ |fa ∩ fc| = 0 (mod 2),
that proves the proposition. 
Degenerate maps appear in our proof of 2.1 and 2.2 even if the map ϕ : K → G is nondegenerate. We
are going to construct a graph K¯ ′ϕ and a pair of (degenerate) simplicial maps G K¯
′
ϕ
ϕ¯
oo
ϕ¯′
// G′ that can
be obtained from ϕ and ϕ′ respectively by the operation from Contracting Edge Proposition 2.5 (this is true
under some assumptions on ϕ, we present the details below). Together with the construction of the embedding
N ′ → N (see Definition of N ′ above) this immediately proves 2.1 (Fig. 4, 5, 6).
Definition (Definition of ϕ¯ and ϕ¯′, see Fig. 4). Suppose that the map ϕ is nondegenerate and K does not
have vertices of degree 0. Take the disjoint union of all ϕ-components of K (see Definition of ϕ′). Join by an
edge any two vertices belonging to distinct ϕ-components and corresponding to the same vertex of K. Denote
the obtained semi-derivative graph by K¯ ′ϕ. Thus a ϕ-component α ⊂ K is also a subgraph of K¯
′
ϕ denoted by
α¯′. Further we identify the points of α and α¯′. Let the simplicial maps ϕ¯ and ϕ¯′ be the evident projections
K¯ ′ϕ → G and K¯
′
ϕ → G
′ respectively, defined on the vertex sets by ϕ¯x = ϕx and ϕ¯′x = (ϕα)′, where the vertex
x ∈ K¯ ′ϕ belongs to the ϕ-component α¯
′.
Proof of 2.1. By Contracting Edge Proposition 2.5.D,A the map ϕ can be assumed to be nondegenerate. We
also may assume thatK does not have vertices of degree 0. It can be easily checked that ϕ and ϕ′ can be obtained
from ϕ¯ and certain restriction of ϕ¯′ respectively by the operation from Contracting Edge Proposition 2.5. If any
two ϕ-components have at most one common point, then ϕ′ can be obtained from ϕ¯ itself in this way. But for
K ∼= S1 this asumption is not satisfied only if K has two ϕ-components. Evidently, the map ϕ is approximable
by embeddings in this case. So it suffices to prove that
(*) if ϕ¯′ is approximable by embeddings, then ϕ¯ is approximable by embeddings.
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ϕ¯ ϕ¯′
ϕ ϕ′
K¯ ′ϕK K
′
ϕ
G G′
Figure 4. Semi-derivatives of a simplicial map
N
fK¯ ′ϕ
N ′
Figure 5. Construction of the S-approximation
Na Nb
fK¯ ′ϕ
N¯(ab)N¯a N¯b
Figure 6. Construction of the handle decomposition
We prove (∗) for an arbitrary graph K. If ϕ¯′ is approximable by embeddings, then there is a S′-close to ϕ¯′
embedding K¯ ′ϕ → N
′. Define the embedding f : K¯ ′ϕ → N to be the composition of this embedding and the
embedding N ′ → N constructed in Definition of N ′ (Fig. 5, where this construction is applied to the map ϕ
from Fig. 4). Clearly, there exists a new handle decomposition N =
⋃
N¯a ∪
⋃
N¯(ab), denoted by S¯, such that
f is an S¯-approximation of ϕ¯ (Fig. 6, cf. [6, Proposition 4.9], or see some generalization of the decomposition,
constructed in the proof of Lemma 4.5.D.) Then f : K¯ ′ϕ → N¯ (where N¯ is N with the new handle decomposition
S¯) is an embedding, S¯-close to ϕ¯, that proves the lemma. 
The same idea is used in the proof of Lemma 2.2.A,V. We take a general position map f : K¯ ′ϕ → N , S-close
to ϕ¯, and construct its semi-derivative f¯ ′ : K¯ ′ϕ → N
′, S-close to ϕ¯′ (Fig. 7). Then we prove that if f is an
embedding, then f¯ ′ is also an embedding (Fig. 8).
Definition (Definition of f¯ ′, see Fig. 7, where this construction is applied to the map ϕ from Fig. 4). Let K be a
graph without vertices of degree 0. Let ϕ : K → G ⊂ N be a nondegenerate simplicial map without transversal
self-intersections. Let f : K → N be an S-approximation of ϕ. Then the semi-derivative S′-approximation
f¯ ′ : K¯ ′ϕ → N
′ is constructed as follows. For each edge a ⊂ G fix a homeomorphism ha : Na → N ′a′ such that
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fK
N
N ′
f¯ ′K¯ ′ϕ
Figure 7. Semiderivative of an S-approximation
x1
x¯
z¯
z1
x
z
y1
t1
y
t
J
I
haNa∩b
hbNa∩b
N ′a′b′
Figure 8. Counting the number of crossings
for each edge b adjacent to a we have ha(Na ∩N(b)) ⊂ N
′
(a′b′). Define f¯
′ on each ϕ-component α¯′ ⊂ K¯ ′ϕ by the
formula f¯ ′ |α¯′ = hϕαf |α Now let us define f¯ ′ on each edge xy ⊂ K¯ ′ϕ joining two distinct ϕ-components X¯
′ and
Y¯ ′. Take an edge a ⊂ X¯ ′ containing x. Identify X¯ ′ and X (see Definition of ϕ¯ and ϕ¯′). Then a is also an edge
of K and x is also a vertex of K. Denote by x¯ the arc a ∩ f−1Nϕx. Define the arc y¯ analogously. Decompose
the edge xy into three segments xx1, x1y1 and y1y. Let f¯
′ homeomorphically map xx1 onto hϕXf y¯, y1y onto
hϕY fx¯, and x1y1 onto the rectilinear segment in N
′
(ϕX ϕY ) joining the points f¯
′x1 and f¯
′y1. Thus the map
f¯ ′ : K¯ ′ϕ → N
′ is constructed.
Note that if f is an embedding then there is a simpler alternative construction of f¯ ′, in some sense reverse
to the construction from the proof of Lemma 2.1. But this alternative construction is useless in the proof of
Lemma 2.2.V, so we do not present it in the paper. We prove 2.2.A,V only in case when the derivative N ′ is
well-defined, i. e. K does not contain pairs of arcs i, j such that ϕi ∩ ϕj is transversal. This is sufficient for
the proof of Theorem 1.3 and 1.5. In general case the proof is completely analogous, but one should use the
definition of derivative D(N) from [6].
Proof of 2.2.A. By Contracting Edge Proposition 2.5.K we may assume that ϕ is nondegenerate. Take an
embedding f : K → N , S-close to ϕ. Then it suffices to show that the map f¯ ′ (see Definition of f¯ ′) is an
embedding.
Consider a pair of distinct edges xy, zt of K ′ϕ. Denote the set f¯
′(xy) ∩ f¯ ′(zt) by i. It suffices to show that
i = f¯ ′(xy ∩ zt). Denote by a′ = ϕ¯′x, b′ = ϕ¯′y, c′ = ϕ¯′z and d′ = ϕ¯′t. Without loss of generality we have the
following 3 cases.
1) a′, b′, c′ and d′ are pairwise distinct. Since f¯ ′ is an S′-approximation, it follows that f¯ ′xy ⊂ N ′a′b′ and
f¯ ′zt ⊂ N ′c′d′ , hence i = ∅.
2) (a′ = c′ and b′ 6= d′) or (a′ = b′ = c′ = d′). Then i ⊂ N ′a′ , hence i = ha(fx¯ ∩ f z¯) (see the definition of ha
and x¯ in Definition of f¯ ′, define z¯ analogously to x¯.) If y 6= t, then x¯ and z¯ are disjoint, so fx¯ ∩ f z¯ = ∅ and
i = ∅. If y = t, then i = ha(fy) = f¯ ′(xy ∩ zt).
3) a′ = c′, b′ = d′ and a′ 6= b′. In this case both xy and zt join the vertices of distinct ϕ-components. Let
us prove that xy and zt are disjoint. For example, assume that y = t. Then all the vertices x, y, z and t of
K¯ ′ϕ correspond to the same vertex of K denoted by w. Denote by X and Z the ϕ-components of ϕ
−1a = ϕ−1c
such that x ∈ X¯ ′ and z ∈ Z¯ ′. So the ϕ-components X and Z have a common point w, hence X = Z. So
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Figure 9. The Van Kampen obstruction
x, z ∈ X¯ ′ = Z¯ ′ correspond to the same vertex w, hence x = z. We obtain y = t and x = z, then by the
construction of K¯ ′ϕ we get xy = zt, that contradicts to the choice of these edges. So xy and zt are disjoint.
Let us show that in case (3) |i| = 0 (mod 2). Omit f¯ ′ from the notation of f¯ ′-images. Note that the
homeomorphism ha◦h
−1
b maps y1y and t1t onto x¯ and z¯ respectively (Fig. 8). First this implies that |i| = |I∩J |,
where I = x¯∪ xy1 and J = z¯ ∪ zt1. Secondly this implies that the two pairs of points ∂I and ∂J are not linked
in ∂(haNa∩b ∪ N ′(a′b′)). Since I, J ⊂ haNa∩b ∪N(a′b′), it follows that |i| = |I ∩ J | = 0 (mod 2). So it remains
to prove that |I ∩ J | ≤ 1, then I ∩ J = ∅. This follows from
x¯ ∩ z¯ = ha(fx¯ ∩ f z¯) = ∅ xx1 ∩ zz1 = ha(f y¯ ∩ f t¯) = ∅ and |x1y1 ∩ z1t1| ≤ 1,
because x1y1 and z1t1 are rectilinear segments in N(a′b′). This completes the proof of the lemma. 
Proof of 2.2.V. By Contracting Edge Proposition 2.5.V it suffices to prove that if f : K¯ ′ϕ → N is a mod 2-
embedding, S-close to ϕ, then the semi-derivative f¯ ′ is also a mod 2-embedding.
Take a pair of disjoint edges xy, zt of ϕ¯′ and consider the three cases from the proof of Lemma 2.2.A. Case 1) is
trivial. In case 2) we get f(xy)∩f(zt) ⊂ Na, hence |i| = |ha(fx¯∩f z¯)| = |ha(f(xy)∩f(zt))| = |f(xy)∩f(zt)| = 0
(mod 2). In the proof of 2.2.A it is shown that in case 3) |i| = 0 (mod 2), thus Lemma 2.2.V is proved. 
3. The van Kampen obstruction
The van Kampen obstruction was invented by van Kampen in studies of embeddability of polyhedra in R2n
[2, 3, 4, 7, 8]. Let us give the definition of the van Kampen obstruction to approximability by embeddings of
simplicial paths. Our construction is more visual than that in the problem of embeddability. Let ϕ : I → R2 be
a simplicial path (in Fig. 9 the constuction below is applied to the path from Fig. 1). Denote by x1, . . . , xk the
vertices of I in the order along I, and denote the edge xixi+1 by i. Let I
∗ =
⋃
i<j−1
i×j be the deleted product of I.
Paint red the edges xi×j, j×xi, and the cells i×j of I∗ such that ϕxi∩ϕj = ∅, ϕi∩ϕj = ∅, and denote by I∗ϕ the
red set. Take a general position map f : I → R2, sufficently close to ϕ. To each cell i×j of ”the table” I∗ put the
number vf (i× j) = |fi∩ fj| (mod 2). Decompose I∗ along the red edges, let C1, C2, . . . , Cn be all the obtained
components such that ∂Ck ∩ ∂I∗ ⊂ I∗ϕ. Denote vf (Ck) =
∑
i×j⊂Ck
vf (i× j). The van Kampen obstruction (with
Z2-coefficients) for approximability by embeddings is the vector v(ϕ) = ( vf (C1), vf (C2), . . . , vf (Cn) ).
It can be shown easily that v(ϕ) does not depend on the choice of f [8], thus v(ϕ) = 0 is a necessary condition
for approximability by embeddings. It is easy to check that v(ϕ) 6= 0 for a PL path ϕ : I → R2 containing a
transversal self-intersection. Thus Corollary 1.4.V follows from 1.3, 2.2.V and 3.1.
Proposition 3.1. The van Kampen obstruction v(ϕ) = 0 if and only if there is an S-close to ϕ general position
mod 2-embedding.
Proof of 3.1. The inverse implication of the proposition is obvious. The proof of the direct implication follows
the idea of [4]. We are going to use the cohomogical formulation of the van Kampen obstruction (see the
paragraph before Proposition 3.2 below for details). Let f : K → N be any general position S-approximation
of ϕ. The ’Reidemeister move’ shown in Fig. 10.a adds to vf the coboundary δ[x× a] of the elementary cochain
from B2(K˜). Since v(ϕ) = 0, it follows that using some such ’moves’ we can obtain a map f : K → N such
that vf = 0. Then f is the required mod 2-embedding, because vf = 0 yields that |fa ∩ fb| = 0 (mod 2) for
any pair of disjoint edges a, b of K. 
Now we are going to prove that the conditions 1.4.V and 1.4.D are equivalent (Proposition 3.2). We are going
to replace Z2-coefficients in the van Kampen obstruction by Z-coefficients, so Proposition 3.2 implies only that
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Figure 10. ”The Reidemeister move”
1.4.D =⇒ 1.4.V , but this is sufficient for the proof of Corollary 1.4. We prove Proposition 3.2 in the most
general situation, so we need some more definitions.
Let K be an n-polyhedron with a fixed triangulation. Let ϕ : K → G ⊂ R2n be a simplicial map. Denote by
σ and τ any n-dimensional simplices of this triangulation of K. By the deleted product of K we mean the set
K˜ =
⋃
{ σ×τ : σ∩τ = ∅ }. Fix the natural orientation of each cell σ×τ (a positive basis of σ×τ consists of the
vectors e1, . . . , e2n, where e1, . . . , en form a positive basis of σ and en+1, . . . , e2n form a positive basis of τ). Let
K∗ = K˜/Z2 be the factor under antipodal Z2-action. Let K˜
ϕ ⊂ K˜ be the subset K˜ϕ = { σ × τ : ϕσ ∩ ϕτ = ∅ }
and letK∗ϕ = K˜ϕ/Z2. For a general position map f : K → R2n close to ϕ define a cochain vf ∈ Cn(K∗,K∗ϕ;Z)
by the formula vf (σ × τ) = fσ ∩ fτ . This cochain is well-defined, because fσ ∩ fτ = (−1)nfτ ∩ fσ and our
Z2-action maps σ × τ to (−1)nτ × σ. The class v(ϕ) = [vf ] ∈ Hn(K∗,K∗ϕ;Z) of this cochain does not depend
on the map f and is called the van Kampen obstruction to approximability of ϕ by embeddings. We say that
the map ϕ : K → G ⊂ R2n satisfies the deleted product property if the map ϕ˜ : K˜ϕ → S2n−1 given by the
formula ϕ˜(x, y) = ϕx−ϕy‖ϕx−ϕy‖ extends to an equivariant map K˜ → S
2n−1. Evidently, this definition of the deleted
product property is equivalent to 1.4.D for n = 1 and K ∼= I.
Proposition 3.2. A PL map ϕ : Kn → R2n satisfies the deleted product property if and only if the van Kampen
obstruction (with Z-coefficients) v(ϕ) = 0.
Proof of 3.2. We are going to show that the van Kampen obstruction is a complete obstruction to an equivariant
extension of ϕ˜ : K˜ϕ → S2n−1 to a map K˜ → S2n−1.
Take a general position map f : K → R2n close to ϕ and define the equivariant map f˜ : K˜ϕ ∪ sk2n−1 K˜ →
S2n−1 by the formula f˜(x, y) = fx−fy|fx−fy| . By general position it follows that f˜ is well-defined. Since f is close to
ϕ, it follows that f˜ |K˜ϕ is homotopic to ϕ˜. Evidently, then ϕ˜ extends to an equivariant map K˜ → S
2n−1 if and
only if f˜ |K˜ϕ extends to an equivariant map K˜ → S
2n−1.
Consider a cell σ× τ ⊂ K˜ − K˜ϕ, where σ, τ ⊂ K are n-dimensional cells. The map f˜ extends to σ× τ if and
only if deg f˜ |∂(σ × τ) = 0. If f˜ extends to σ × τ then it extends also to τ × σ in equivariant way, because f˜ is
equivariant. One can see that deg f˜ |∂(σ × τ) = fσ ∩ fτ = vf (σ × τ). So the map f˜ extends to an equivariant
map K˜ → Sn−1 if and only if vf = 0.
Now let g : K˜ϕ ∪ sk2n−1 K˜ → S2n−1 be an equivariant map such that gx = f˜x for each x ∈ K˜ϕ ∪ sk2n−2 K˜.
Define the cochain vg ∈ C2n(K∗,K∗ϕ;Z) by the formula vg(σ) = deg g |∂σ for each 2n-dimensional cell σ. Let
σ ⊂ K˜ − K˜ϕ be a cell of dimension 2n− 1. Take a disjoint union σ ⊔ σ′ of two copies of σ and paste σ to σ′ by
∂σ = ∂σ′. Let dσ be a map of the obtained (2n− 1)-sphere to S
2n−1 given by the formula dσx = fx for x ∈ σ
and dσx = gx for x ∈ σ′. Define the cochain vfg ∈ C2n−1(K∗,K∗ϕ;Z) by the formula vfg(σ) = deg dσ (we fix
the orientation of σ ∪ σ′ restricted to the positive orientation of σ′). Then, clearly vg − vf = δvfg.
The obtained formula implies that the cohomological class [vg] does not depend on the choice of an equivariant
map g : K˜ϕ∪sk2n−1 K˜ → S2n−1 and coincides with the van Kampen obstruction v(ϕ) (with Z-coefficients). This
proves that the condition v(ϕ) = 0 in the proposition is necessary. The obtained formula and the construction
of vfg above shows that if v(ϕ) = 0 then vg = 0 for some g : K˜
ϕ ∪ sk2n−1 K˜ → S2n−1, hence f˜ |K˜ϕ extends to
an eguivariant map K˜ → S2n−1. So the proposition is proved. 
Example 3.3. (cf. [15, 1]) There exists a pair of PL paths ϕ : I → R2, ψ : I → R2 (Fig. 11, where a pair of
paths f , g, close to them, is shown), not approximable by link maps (i. e., maps with disjoint images) and such
that:
V) The van Kampen obstruction v(ϕ, ψ) = 0.
D) The map Φ : { (x, y) ∈ I × I |ϕx 6= ψy } → S1 given by Φ(x, y) = ϕx−ψy‖ϕx−ψy‖ homotopically extends to a
map I × I → S1.
I) The pair ϕ′, ψ′ is approximable by link maps.
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Figure 11. A pair of maps not approximable by link maps
Proof of 3.3. Let K,L ∼= I are the graphs with the vertices k1, . . . , k5 and l1, . . . , l7, let G be the graph with
vertices a1, . . . , a6 and edges a1a2, a1a3, a1a4, a1a5, a2a3, a2a4 and a2a6. The required simplicial maps ϕ, ψ
are given by the formulae ϕk1 = a1, ϕk2 = a2, ϕk3 = a3, ϕk4 = a1, ϕk5 = a2 and ψl1 = a5, ψl2 = a1, ψl3 = a2,
ψl4 = a4, ψl5 = a1, ψl6 = a2, ψl7 = a6. Consider the pair of S-approximations f and g of ϕ and ψ respectively
shown in Fig. 11. One can see that |fi ∩ gj| = 0 (mod 2) for any pair of edges i ⊂ K, j ⊂ L. This implies
both 3.3.V and 3.3.D (it is shown analogously to the proof of 1.4, see also Proposition 3.1). The proof of 3.3.I
is a direct calculation. Let us prove that the pair ϕ, ψ is not approximable by link maps. Assume the converse.
Let K13,K35 ⊂ K and L14, L47 ⊂ L be the arcs between the points k1 and k3, k3 and k5, l1 and l4, l4 and l7
respectively. Take a small neighbourhood of ϕK ∪ ψL in the plane and fix its handle decomposition S. Denote
by A1, A2 and A the discs of S corresponding to the vertices a1, a2 and to the edge a1a2 respectively. By the
analogue of the Minc Proposition (see the paragraph after Definition of an S-approximation in §2) there are
two S-approximations f, g of ϕ and ψ respectively, having disjoint images. Since fK13 ∩ gL = ∅, it follows that
the pairs of points gL14∩∂(A1 ∪A) and gL47∩∂(A1 ∪A) are not linked in ∂(A1 ∪A). Analogously, gL14∩∂A2
and gL47 ∩ ∂A2 are not linked in ∂A2. So gL14 ∩ ∂(A1 ∪ A2 ∪ A) and gL47 ∩ ∂(A1 ∪ A2 ∪ A) are not linked in
∂(A1 ∪ A2 ∪ A). Then g cannot be an S-approximation of ψ. This contradiction proves that ϕ and ψ are not
approximable by link maps. 
4. Variations
The following Simple-minded Criterion 4.1 for approximability by embeddings gives an algorithm of checking
whether a given nondegenerate map is approximable by embeddings (another algorithm is given in [13]).
Proposition 4.1. Simple-minded Criterion 4.1 Let ϕ : K → G ⊂ R2 be a nondegenerate simplicial map of a
graph K, i. e. for each edge a of K the image ϕa is not a vertex. Replace each edge a ⊂ G by i close multiple
edges in R2, if ϕ−1a consists of i edges. Denote by G¯ ⊂ R2 the obtained graph and by pi : G¯→ G the evidently
defined projection. The map ϕ is approximable by embeddings if and only if there exists an onto map ϕ¯ : K → G¯
without transversal self-intersections and such that pi ◦ ϕ¯ = ϕ.
The proof is trivial (we do not present the details since we do not use this criterion). There exists a purely
combinatorial proof of Theorem 1.3, based on Criterion 4.1. Criterion 4.1 and all the other our previous results
remain true, if we replace R2 by an arbitrary orientable 2-manifold N .
There exists an infinite number of PL maps ϕ : T → T ⊂ R2, where T is letter ”T” (a simple triod),
not approximable by embeddings and such that ϕ′ and any simplicial restriction of ϕ are approximable by
embeddings (for the only embedding T ′ → R2). So there are no criteria like 1.3.I,S for K 6∼= I, S1.
In the rest of the paper we prove Theorem 1.5, generalizing both 1.3 and 1.4. For the proof we need the
following Lemma 4.2.T, Lemma 4.5 and Lemma 4.6, analogous to Lemmas 2.3, 2.1 and 2.2 respectively.
To state Lemma. 4.2 we need the following definitions. We shall say that ϕ contains a simple triod, if there
is a triod T ⊂ K with the edges t1, t2, t3 such that the arcs ϕt1, ϕt2, ϕt3 have a unique common point. We shall
say that ϕ identifies triods, if it contains two disjoint simple triods T1, T2 ⊂ K such that ϕT1 = ϕT2. Note that
v(ϕ) 6= 0 for a map ϕ identifying triods. We shall say that an onto map ϕ : K → G is a standard winding,
if both K and G are homeomorphic to disjoint unions of circles (may be, K = G = ∅) and ϕ |S is a standard
winding of a nonzero degree for each circle S ⊂ K. Denote by Σ(ϕ) = { x ∈ K : |ϕ−1ϕx| ≥ 2 } the singular set
of the map ϕ.
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Lemma 4.2. (cf. Lemma 2.3) Let ϕ : K → G be a simplicial map of a graph K with k vertices.
T) Suppose that for each i = 0, . . . , k the derivative ϕ(i) does not contain simple triods; then ϕ(k) is a standard
winding.
I) Suppose that for each i = 0, . . . , k the derivative ϕ(i) does not identify triods; then Σ(ϕ(k)) is a disjoint
union of circles and ϕ(k)
∣∣
Σ(ϕ(k)) is a standard winding.
Proof of 4.2.T. We are going to use the notation from the proof of Lemma 2.3. Let us show that |K| ≥ |K ′ϕ|
for a simplicial map ϕ : K → G containing no simple triods. We also prove that |K| = |K ′ϕ| only if K is
homeomorphic to a disjoint (maybe empty) union of circles and ϕ is ultra-nondegenerate. Then it suffices to
prove the lemma for this latter specific case. Indeed, since ϕ does not contain simple triods, it follows that each
vertex of the graphK belongs to at most two ϕ-components of the graph. On the other hand, each ϕ-component
contains an edge, and hence it contains at least two vertices. This yields that the number of vertices of K is
greater or equals to the number of ϕ-components, i. e. |K| ≥ |K ′ϕ|. We have the equation here if and only
if (1) each vertex of K belongs to two ϕ-components and (2) each ϕ-component contains exactly two vertices.
The condition (2) means that ϕ is ultra-nondegenerate. But for an ultra-nondegenerate map the condition (1)
yields that the degree of each vertex of K is 2, so K is a disjoint union of circles. Now note that for any two
components A,B ⊂ K we have ϕ′A′ ∩ ϕ′B′ = (ϕA ∩ ϕB)′. Since A,B ∼= S1 and ϕ is ultra-nondegenerate, it
follows that ϕA∩ϕB is always either empty or a circle or a disjoint union of arcs and points. Moreover, ϕA∩ϕB
is a circle if and only if ϕA = ϕB. If ϕA ∩ ϕB is either empty or a disjoint union of arcs and points, then
ϕ(k)A and ϕ(k)B are disjoint. So the images ϕ(k)A and ϕ(k)B either are disjoint or coincide. By Lemma 2.3
this yields that ϕ(k) is a standard winding. 
We do not use Lemma 4.2.I and prove it after the proof of Theorem 1.5. Lemma 4.2.I may be helpful in the
proof of Conjecture 1.6.
In order to prove Theorem 1.5 we need the following extension of the techniques from §2. As in §2, we fix an
orientable thickening N of the graph G ∼= S1. We also assume that some orientable thickening M of the graph
K is fixed. Note that a thickening of a graph is uniquely defined by a local ordering of edges around each vertex
[6]. We assume that K may contain loops and multiple edges. In this case by a simplicial map ϕ : K → G we
mean a continuous map that is linear on each edge of K and such that ϕx is a vertex of G for each vertex x ∈ K.
We assume that the handle decompositions M =
⋃
Mx ∪
⋃
M(a) and N =
⋃
Nx ∪
⋃
N(a) are fixed (in both
formulae the first union is over all vertices x and the second — over all edges a). By Mα and Nβ we denote the
restriction of the thickenings M and N to subgraphs α ⊂ K and β ⊂ G respectively. By an S-approximation
of ϕ (or S-close to ϕ map) we mean a general position map f : M → N such that for any vertex x ∈ K or
edge x ⊂ K we have fMx ⊂ Nϕx and for any edge x ⊂ K with nondegenerate ϕx the set Mx ∩ f−1N(ϕx) is
connected (cf. Definition of S-approximation in §2). If there is an S-close to ϕ embedding M → N then we
shall say that ϕ is approximable by embeddings M → N . By a mod 2-embedding we mean a general position
map f :M → N such that f |Mx is an embedding for each vertex x ∈ K, f
∣∣
M(a) is an immersion for each edge
a ⊂ K and |fa ∩ fb − f(a ∩ b)| = 0 (mod 2) for any pair of distinct edges a, b ⊂ K ⊂ M . The last notion
appears in the following generalization of Proposition 3.1.
Lemma 4.3. Let K be a graph such that the degree of each vertex of K is at most 3. Let ϕ : K → G ⊂ R2 be
a simplicial map such that v(ϕ) = 0. Then there exist a mod 2-embedding M → N , S-close to ϕ, for some
thickenings M and N ⊂ R2 of the graphs K and G respectively.
Proof of 4.3. [10] Let N be a regular neighbourhood of G in R2. Let f : K → N be the map given by
Proposition 3.1. Since the degree of each vertex of K is at most 3, it follows that we can remove intersections
of adjacent edges, using the moves shown in Fig. 10.b. The obtained general position map K → N uniquely
defines a thickening M of K and extends to the required mod 2-embedding, S-close to ϕ. 
In [10] the move shown in Fig. 10.b is assumed to work for vertices of any degree, that is not right. The
degree restriction in Theorem 1.5 is used only in this step of the proof.
Now we are going to construct the derivative M ′ϕ of the thickening M . This derivative is well-defined only
under the following conditions on ϕ, M and N . We shall say that ϕ : K → G is locally approximable by
embeddings, if for each vertex x ∈ G there exists an S-approximation f : M → N of ϕ such that f
∣∣
f−1Nx is
an embedding. The following lemma asserts that the thickenings M and N given by Lemma 4.3 satisfy these
conditions.
Lemma 4.4 (Local Approximation Lemma). If there is a mod 2-embedding M → N which is S-close to the
map ϕ : K → G, then ϕ is locally approximable by embeddings M → N .
Proof of 4.4. Let f : M → N be an S-close to ϕ mod 2-embedding and let x be a vertex of the graph G.
Modify f in a small neighbourhood of ∂Nx to obtain a map f such that for each edge a ∋ x the set f
−1(N(a)∩Nx)
is a single point Pa. Attach a ring R to the disc Nx along the circle ∂Nx. Let Q be the 2-polyhedron obtained
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from Mϕ−1x ∪ (K ∩ f
−1Nx) by identifying the points f
−1Pa for each a ∋ x. Identify each point f−1Pa ∈ Q
with Pa. Attach the ring R to Q by the inclusions Pa ⊂ R. Let g : Q ∪ R → Nx ∪ R be the map given by
the formulae gy = fy for y ∈ Q and gy = y for y ∈ R. Clearly, g is a mod 2-embedding, i. e. there exists a
triangulation of Q ∪R such that |ga ∩ gb| = 0 (mod 2) for each pair of disjoint edges a, b of this triangulation.
This yields that Q∪R contains neither Kuratowsky graph K5 nor K3,3. Clearly, Q∪R contains neither S2 nor
the cone over S1 ⊔D0. By the well-known 2-polyhedron planarity criterion Q∪R is planar. So the embedding
R ⊂ Nx ∪ R extends to an embedding h : Q ∪ R → Nx ∪ R. Clearly, h |Q : Q → Nx can be modified to an
embedding f−1Nx → Nx, that extends to the required S-approximation of ϕ. So ϕ is locally approximable by
embeddings. 
The next step in the construction of M ′ϕ is like Contracting Edge Proposition 2.5. We use a reduction to the
case of a nondegenerate map ϕ and then define the semi-derivative thickening.
Definition (Definition of ϕc). First let us define the graph Kcϕ, which is the domain of ϕ
c. A 0-component of K
is any connected component of ϕ−1x for a vertex x ∈ G. The vertex set of the graphKcϕ is in 1-1 correspondence
with the set of all 0-components. Denote by αc the vertex corresponding to a 0-component α ⊂ K. The vertices
αc and βc are joined by an edge in Kcϕ if and only if K contains an edge with two ends belonging to α and β
respectively. The map ϕc : Kcϕ → G is a simplicial map given by the formula ϕ
cαc = ϕα.
Definition (Definition ofM c). Let the map ϕ : K → G be locally approximable by embeddings. The thickening
M cϕ and its handle decomposition are defined as follows. For each 0-component α ⊂ K choose a maximal tree
T ⊂ α. The thickening M cϕ is the restriction of M to the subgraph (K −
⋃
α) ∪
⋃
T . The discs of the handle
decomposition of M cϕ are defined as the subthickenings MT and the strips are defined as the strips of M not
contained in the subthickenings Mα and MT .
Definition (Definition of M¯ ′, cf. Definition of ϕ¯′ in §2). Let the map ϕ : K → G be nondegenerate and locally
approximable by embeddings. The thickening M¯ ′ϕ and its handle decomposition are defined as follows. Take a
disjoint union ofMα for all ϕ-components α ⊂ K. If ϕ-components α and β have a common vertex x, then join
Mα and Mβ by a strip attached to Mα and Mβ along the arcs Mx ∩M(a) and Mx ∩M(b) respectively, where
a ⊂ α and b ⊂ β are any edges containing x. The handle decomposition of M¯ ′ϕ is obtained from those of Mα
by adding the attached strips to the decomposition.
We omit ϕ from the notation of M cϕ, M¯
′
ϕ and M
′
ϕ. We denote the derivative of the thickening M by
M ′ = ((M¯ c)′)c. Note that M ′ is a thickening of a graph which may be different from K ′ϕ only in multiplicity of
some edges. Now we are going to prove the following Lemma 4.5.C,D and Lemma 4.6.C,D, analogous to 2.5.A,
2.1, 2.5.V and 2.2.V respectively.
Lemma 4.5. Let ϕ : K → G be locally approximable by embeddings. Then:
C) ϕc is approximable by embeddings M c → N if and only if ϕ is approximable by embeddings M → N ;
D) if G ∼= I or G ∼= S1 and ϕ¯′ is approximable by embeddings M¯ ′ → N ′, then ϕ¯ is approximable by embeddings
M¯ ′ → N .
Proof of 4.5.C. The sufficiency is obvious because M c ⊂M (without handle decompositions). Let us prove the
necessity. Let f :M c → N be an embedding, S-close to ϕc. Identify M c and the subthickening MK¯ , where K¯
is the unionwhere K¯ = (K −
⋃
α) ∪
⋃
T (see the notation in Definition of M c). Let us add to K¯ the edges a
from α− T one by one and extend the map f to the corresponding strips M(a) in an arbitrary way. We assert
that an embedding M → N , S-close to ϕ, can be constructed in this way. Indeed, assume that algorithm does
not work, i. e. at some step the obtained S-close to ϕ embedding MK¯ → N cannot be extended to M(a).
Then the two arcs f∂M(a) are contained in distinct connected components of Cl(Nϕα − fMK¯). Since the arcs
f∂M(a) belong to one connected component of Nϕα ∩ fMK¯ , it follows that there are only two possibilities: 1)
K¯ contains a cycle γ such that ϕγ = ϕα and M(a) joins the two components of ∂Mγ (Fig. 12.a); 2) K¯ contains
an arc γ such that ϕα 6∈ ϕ∂γ and M(a) joins the two components of ∂Mγ −M∂γ (Fig. 12.b). Clearly, in both
cases 1) and 2) the map ϕ is not locally approximable by embeddings. This contradicts the assumption of the
lemma, so the algorithm above gives us the required embedding M → N , S-close to ϕ. 
Proof of Lemma.4.5.D. Note that N ′ is well-defined because G ∼= S1 and hence ϕi ∩ ϕj is not transveral for
any pair of arcs i, j ⊂ K. Take an S-close to ϕ¯′ embedding M¯ ′ → N ′. Let f : M¯ ′ → N be the composition
of this embedding with the embedding N ′ → N (see Definition of N ′). It remains to construct a new handle
decomposition S¯ of N such that f is an S¯-approximation of ϕ¯.
Denote by m = M¯ ′. For each vertex x ∈ G let N¯x be a small neighbourhood in N of the set fmϕ¯−1x ∪Nx.
Since G ∼= S1, it follows that ϕ¯−1x is a disjoint union of arcs and hence N¯x is a disjoint union of discs. For each
edge xy ⊂ G the set fmϕ¯−1xy − N¯x is also a disjoint union of discs, because for each edge a such that ϕ¯a = xy
the strip fm(a) joins N¯y and some disc of N¯x. Hence fmϕ¯−1xy − N¯x does not decompose N , and since N¯x is a
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Figure 12. The thickenings
disjoint union of discs, it follows that N¯y ∪ (fm − N¯x) does not decompose N(xy). So if N¯x is not connected,
one can join any of its connected components C ⊂ N(xy) with another connected component of N¯x by a strip
in N(xy) not intersecting fm and N¯y. Clearly, N¯x remains to be a disjoint union of discs after this operation.
Let us add to each N¯x such strips until all N¯x become connected. Then the obtained discs N¯x and the strips
N¯(xy) = Cl(N(xy) − N¯x − N¯y) form the required handle decomposition S¯. 
Lemma 4.6. If there is a mod 2-embedding M → N S-close to ϕ, then there is a mod 2-embedding, S-close
to C) ϕc; D) ϕ¯′.
Proof of 4.6.C. Take an S-close to ϕ mod 2-embedding M → N . Denote by f : K → N the restriction of
the embedding. Make the move from Contracting Edge Proposition 2.5.K (Fig. 3(b)) for each edge of the tree
T ⊂ K (see Definition of M c). Let f : Kcϕ → N be the restriction of the constructed map. By the construction
the local ordering of the edges of Kϕ in M
c and the local ordering of their f -images coincide. So the map
f : Kcϕ → N extends to the required mod 2-embedding M
c → N . 
We prove Lemma 4.6.D only in case when K does not contain pairs of arcs i, j with ϕi∩ϕj transversal (this
assumption for G ∼= S1 is satisfied automatically.) The lemma is proved analogously for an arbitrary graph K,
if we use the definition of N ′ from [6].
Proof of 4.6.D. Take an S-close to ϕ mod 2-embedding M → N . Denote by f : K → N the restriction of
the embedding. Let f¯ ′ : K¯ ′ϕ → N
′ be the map from Definition of f¯ ′ in §2. By the construction of Definition
of f¯ ′ and Definition of M¯ ′ the local ordering of the edges of K¯ ′ϕ in M¯
′ and the local ordering of their f¯ ′-images
coincide. So the map f¯ ′ extends to the required mod 2-embedding M¯ ′ → N ′. 
Proof of 1.5. The necessity follows from the necessity of the condition v(ϕ) = 0 for approximability by em-
beddings [8], Example 1.1 [12] and Lemma 2.2.A [6]. Let us prove the sufficiency. Suppose that v(ϕ) = 0.
By Lemma 4.3 there exist a thickening M of K and a mod 2-embedding f : M → N , S-close to ϕ. Local
Approximation Lemma 4.4 implies that ϕ is locally approximable by embeddings. Note that the graphs K ′ϕ
and ((K¯c)′)c are the same modulo multiplicity of some edges, ϕ′ and ((ϕ¯c)′)c coincide modulo this difference.
Change ϕ′ to this quasi-derivative ((ϕ¯c)′)c. By Lemma 4.6.C,D it follows that for each natural i the derivative
thickeningM (i) is well-defined and there exists an S-close to the map ϕ(i) mod 2-embedding, and the map ϕ(i)
is locally approximable by embeddings. By Lemma 4.2.T the derivative ϕ(k) is either ”empty” or the standard
d-winding for some d 6= 0, hence the quasi-derivative ϕ(k+1) is either ”empty” or the standard d-winding with
the same d. By the assumption of the theorem d is either even or ±1. Since for the standard winding of an
even degree d 6= 0 the van Kampen obstruction is nonzero and ϕ(k+1) is approximable by mod 2-embeddings,
it follows that d is not even. Hence either d = ±1 or ϕ(k+1) has an empty domain. In both cases there exists
an S-close to the map ϕ(k+1) embedding K(k+1) → N (k+1), where the quasi-derivatives K(i) are defined anal-
ogously to ϕ(i). Since K(k+1) = ∅ or K(k+1) ∼= S1, it follows that this embedding extends to an embedding
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M (k+1) → N (k+1). Applying Lemma 4.5.C,D k+1 times, we get an embedding M → N , which is S-close to ϕ.
The restriction K → N of the embedding is S-close to ϕ, and hence ϕ is approximable by embeddings. 
For the proof of Lemma 4.2.I we need the following definition.
Definition (Definition of ϕs). For a nondegenerate simplicial map ϕ : K → G denote by ∆˜(ϕ) = { (x, y) ∈
K˜ |ϕx = ϕy } the singular graph, where K˜ is the deleted product of the graph K. The vertices of ∆˜(ϕ) are the
pairs (x, y) of vertices of K such that ϕx = ϕy. For an arbitrary simplicial map ϕ : K → G define the simplicial
singular map ϕs : ∆˜(ϕc)→ G by ϕs(x, y) = ϕcx for each vertex (x, y) ∈ ∆˜(ϕc).
Proof of 4.2.I. First note that if ϕ does not identify triods then ϕs does not contain a simple triod. Secondly
note that (ϕ′)s = (ϕs)′ for any simplicial map ϕ (formally, it follows from [5, Proposition 2.11] for the pair of
maps ϕ, ψ, where ψ is the projection ψ : K˜ → K). Thirdly note that |∆˜(ϕc)| ≤ k and ϕs is a standard winding
for a standard winding ϕ. Therefore, by Lemma 4.2.T, (ϕ(k))s is a standard winding, and hence ϕ(k)Σ(ϕ(k))
is a disjoint union of circles. Now note that ϕ(k)
∣∣
Σ(ϕ(k)) is ultra-nondegenerate (because (ϕ
(k))s is not ultra-
nondegenerate in the opposite case) and Σ(ϕ(k)) has no hanging vertices (because ∆˜(ϕ) has a hanging vertex
in the opposite case). So ϕ(k)
∣∣
Σ(ϕ(k)) is an ultra-nondegenerate map of a disjoint union of circles into a disjoint
union of circles ϕΣ(ϕ), consequently ϕ(k)
∣∣
Σ(ϕ(k)) is a standard winding. 
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ÎÁ ÀÏÏÎÊÑÈÌÈÓÅÌÎÑÒÈ ÂËÎÆÅÍÈßÌÈ ÖÈÊËÎÂ ÍÀ ÏËÎÑÊÎÑÒÈ
Ìèõàèë Ñêîïåíêîâ
Àííîòàöèÿ. Ìû ïîëó÷àåì êðèòåðèé àïïðîêñèìèðóåìîñòè âëîæåíèÿìè êóñî÷íî ëèíåéíûõ îòîáðàæåíèé S1 →
R
2
, àíàëîãè÷íûé äîêàçàííîìó Ìèíöåì äëÿ êóñî÷íî ëèíåéíûõ îòîáðàæåíèé I → R2.
Òåîðåìà. Ïóñòü ϕ : S1 → R2  êóñî÷íî ëèíåéíîå îòîáðàæåíèå, êîòîðîå ÿâëÿåòñÿ ñèìïëèöèàëüíûì äëÿ
íåêîòîðîé òðèàíãóëÿöèè S1 ñ k âåðøèíàìè. Îòîáðàæåíèå ϕ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî
åñëè äëÿ êàæäîãî i = 0, . . . , k åãî i-ÿ ïðîèçâîäíàÿ ϕ(i) (îïðåäåëåííàÿ Ìèíöåì) íå ñîäåðæèò òðàíñâåðñàëüíûõ
ñàìîïåðåñå÷åíèé, è íå ÿâëÿåòñÿ ñòàíäàðòíîé íàìîòêîé ñòåïåíè 6∈ {−1, 0, 1}.
Ìû âûâîäèì èç ðåçóëüòàòà Ìèíöà ïîëíîòó ïðåïÿòñòâèÿ Âàí Êàìïåíà ê àïïðîêñèìèðóåìîñòè âëîæåíèÿìè
êóñî÷íî-ëèíåéíûõ îòîáðàæåíèé I → R2.
1. Ââåäåíèå
Êóñî÷íî ëèíåéíîå îòîáðàæåíèå ϕ : K → R2 ãðàà K â ïëîñêîñòü àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè äëÿ
êàæäîãî ε > 0 ñóùåñòâóåò îòîáðàæåíèå f : K → R2 áåç ñàìîïåðåñå÷åíèé, ε-áëèçêîå ê ϕ. Â áîëüøåé ÷àñòè ñòàòüè
ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà ϕ ÿâëÿåòñÿ ïóòåì èëè öèêëîì, òî åñòü, K ∼= I èëè K ∼= S1.
Ïðèìåð 1.1. [12℄ Ñòàíäàðòíàÿ d-íàìîòêà S1 → S1 ⊂ R2 àïïðîêñèìèðóåòñÿ âëîæåíèÿìè â ïëîñêîñòü, åñëè è
òîëüêî åñëè d ∈ {−1, 0, 1}.
Ìîæíî äîêàçàòü òàêæå, ÷òî ñèìïëèöèàëüíîå îòîáðàæåíèå S1 → S1 àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è
òîëüêî åñëè åãî ñòåïåíü d ∈ {−1, 0, 1} (ñì. Òåîðåìó 1.3). Òðàíñâåðñàëüíûì ñàìîïåðåñå÷åíèåì êóñî÷íî ëèíåéíîãî
îòîáðàæåíèÿ ϕ : K → R2 íàçûâàåòñÿ ïàðà íåïåðåñåêàþùèõñÿ äóã i, j ⊂ K, òàêèõ ÷òî ϕi è ϕj ïåðåñåêàþòñÿ íà
ïëîñêîñòè òðàíñâåðñàëüíî.
Ïðèìåð 1.2. Ýéëåðîâ ïóòü èëè öèêë â ãðàå íà ïëîñêîñòè àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî
åñëè îí íå èìååò òðàíñâåðñàëüíûõ ñàìîïåðåñå÷åíèé (ñëåäîâàòåëüíî, ó ëþáîãî ýéëåðîâà ãðàà íà ïëîñêîñòè åñòü
ýéëåðîâ öèêë, àïïðîêñèìèðóåìûé âëîæåíèÿìè).
Ïîíÿòèå àïïðîêñèìèðóåìîñòè âëîæåíèÿìè ïîÿâèëîñü â èññëåäîâàíèÿõ âëîæèìîñòè êîìïàêòîâ â R
2
(ñì.
[12, 15℄, àêòóàëüíûå îáçîðû ìîæíî íàéòè â ñòàòüÿõ [7, 9℄, [2, 4℄, [8, 1℄, ìû âåðíåìñÿ ê ýòîìó âîïðîñó åùå
ðàç â êîíöå 1). Ñóùåñòâóåò àëãîðèòì ïðîâåðêè òîãî, ÿâëÿåòñÿ ëè äàííîå ñèìïëèöèàëüíîå îòîáðàæåíèå àïïðîê-
ñèìèðóåìûì âëîæåíèÿìè (ñì. [13℄). Áîëåå óäîáíûé äëÿ ïðèìåíåíèÿ êðèòåðèé àïïðîêñèìèðóåìîñòè âëîæåíèÿìè
ñèìïëèöèàëüíîãî ïóòè íà ïëîñêîñòè áûë äîêàçàí â ñòàòüå [6℄ (Òåîðåìà 1.3.I íèæå, îáîáùàþùàÿ Ïðèìåð 1.2).
ëàâíûé ðåçóëüòàò ýòîé ñòàòüè  àíàëîãè÷íûé êðèòåðèé äëÿ àïïðîêñèìèðóåìîñòè âëîæåíèÿìè öèêëà íà ïëîñêî-
ñòè (Òåîðåìà 1.3.S íèæå, òàêæå îáîáùàþùàÿ Ïðèìåð 1.2). Ýòè êðèòåðèè óòâåðæäàþò, ÷òî, â íåêîòîðîì ñìûñëå,
òðàíñâåðñàëüíîå ñàìîïåðåñå÷åíèå  åäèíñòâåííîå ïðåïÿòñòâèå ê àïïðîêñèìèðóåìîñòè âëîæåíèÿìè. ßñíî, ÷òî
áóêâàëüíî ýòî íå âåðíî [12℄, è íåò íèêàêîãî êðèòåðèÿ äëÿ ðàññìàòðèâàåìîé ïðîáëåìû, àíàëîãè÷íîãî êðèòåðèþ
Êóðàòîâñêîãî.
Ìû îðìóëèðóåì íàø êðèòåðèé (Òåîðåìó 1.3) â òåðìèíàõ ïðîèçâîäíîé ïóòè [5, 6℄ (îïåðàöèÿ d). Äàäèì
îïðåäåëåíèå ýòîãî ïîíÿòèÿ (ñì. èëëþñòðàöèþ 1). Ñíà÷àëà îïðåäåëèì ïðîèçâîäíóþ G′ ãðàà G (ýòî  ñèíîíèì
äëÿ ðåáåðíîãî ãðàà è äâîéñòâåííîãî ãðàà). Ìíîæåñòâî âåðøèí ãðàà G′ íàõîäèòñÿ â 1-1 ñîîòâåòñòâèè ñ ìíî-
æåñòâîì ðåáåð ãðàà G. Äëÿ ðåáðà a ⊂ G îáîçíà÷èì ÷åðåç a′ ∈ G′ ñîîòâåòñòâóþùóþ âåðøèíó. Âåðøèíû a′ è
b′ â ãðàå G′ ñîåäèíåíû ðåáðîì, åñëè è òîëüêî åñëè ðåáðà a è b ÿâëÿþòñÿ ñìåæíûìè â ãðàå G. Îòìåòèì, ÷òî
ïðîèçâîäíûå G′ è H ′ ãîìåîìîðíûõ, íî íå èçîìîðíûõ ãðàîâ G è H íå îáÿçàòåëüíî ãîìåîìîðíû.
Òåïåðü ïóñòü ϕ  ïóòü â ãðàå G, çàäàííûé ïîñëåäîâàòåëüíîñòüþ ñâîèõ âåðøèí x1, . . . , xk ∈ G, ãäå âåðøèíû
xi è xi+1 ñîåäèíåíû ðåáðîì. Òîãäà (x1x2)
′, . . . , (xk−1xk)
′
ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòüþ âåðøèí ãðàà G′. Â
ýòîé ïîñëåäîâàòåëüíîñòè çàìåíèì êàæäûé îòðåçîê âèäà
(xixi+1)
′, (xi+1xi+2)
′, . . . , (xj−2xj−1)
′, (xj−1xj)
′,
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ϕ ϕ′ ϕ′′
G G′ G′′
èñ. 1. Ïðîèçâîäíûå ãðàîâ è ïóòåé
ãäå (xixi+1)
′ = (xi+1xi+2)
′ = · · · = (xj−1xj)′, åäèíñòâåííîé âåðøèíîé (òî åñòü çàìåíèì íåñêîëüêî èäóùèõ ïîäðÿä
îäèíàêîâûõ âåðøèí íà îäíó âåðøèíó). Ïîëó÷åííàÿ ïîñëåäîâàòåëüíîñòü âåðøèí îïðåäåëÿåò ïóòü â ãðàå G′.
Ýòîò ïóòü ϕ′ íàçûâàþò ïðîèçâîäíîé ïóòè ϕ.
Ëþáîé 5-îä (òî åñòü êîíóñ íàä 5 òî÷êàìè) ÿâëÿåòñÿ ïëàíàðíûì ãðàîì, ÷üÿ ïðîèçâîäíàÿ ÿâëÿåòñÿ ãðàîì
Êóðàòîâêîãî, òî åñòü íåïëàíàðíûì ãðàîì. Íî åñëè G ⊂ R2, è ïóòü ϕ íå èìååò òðàíñâåðñàëüíûõ ñàìîïåðåñå÷å-
íèé, òî îáðàç îòîáðàæåíèÿ ϕ′ ÿâëÿåòñÿ ïëàíàðíûì ïîäãðàîì G′ϕ ⊂ G
′
(ìû ïðèâîäèì ïîñòðîåíèå åñòåñòâåííîãî
âëîæåíèÿ G′ϕ → R
2
â 2, ñì. Îïðåäåëåíèå ïðîèçâîäíîé óòîëùåíèÿ). Çàìåíèì ãðà G′ íà îáðàç G′ϕ, è îòîáðàæå-
íèå ϕ′  íà îãðàíè÷åíèå ϕ′ : I → G′ϕ. Îïðåäåëèì k-þ ïðîèçâîäíóþ ϕ
(k)
èíäóêòèâíî. Äëÿ öèêëà ϕ îïðåäåëåíèå
ïðîèçâîäíîé ϕ′ àíàëîãè÷íî, è ýòî áóäåò ñíîâà íåêîòîðûé öèêë â ãðàå íà ïëîñêîñòè (êîòîðûé ìîæåò âûðîäèòüñÿ
â òî÷êó).
Ïðèâåäåì ïðèìåð, êîòîðûé áóäåò èñïîëüçîâàòüñÿ â äàëüíåéøåì: ϕ′ = ϕ äëÿ ñòàíäàðòíîé d-íàìîòêè ϕ : S1 →
S1 ñ d 6= 0. ßñíî, ÷òî ϕ′  âëîæåíèå äëÿ ëþáîãî ýéëåðîâîãî ïóòè èëè öèêëà ϕ. Òàêèì îáðàçîì, Ïðèìåð 1.2 
äåéñòâèòåëüíî ÷àñòíûé ñëó÷àé ñëåäóþùåé òåîðåìû.
Òåîðåìà 1.3. I) [6℄ Ïóñòü ϕ : I → R2  êóñî÷íî ëèíåéíîå îòîáðàæåíèå, ÿâëÿþùååñÿ ñèìïëèöèàëüíûì äëÿ
íåêîòîðîé òðèàíãóëÿöèè îòðåçêà I ñ k âåðøèíàìè. Îòîáðàæåíèå ϕ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è
òîëüêî åñëè äëÿ êàæäîãî i = 0, . . . , k åãî i-ÿ ïðîèçâîäíàÿ ϕ(i) íå ñîäåðæèò òðàíñâåðñàëüíûõ ñàìîïåðåñå÷åíèé.
S) Ïóñòü ϕ : S1 → R2  êóñî÷íî ëèíåéíîå îòîáðàæåíèå, ÿâëÿþùååñÿ ñèìïëèöèàëüíûì äëÿ íåêîòîðîé
òðèàíãóëÿöèè îêðóæíîñòè S1 ñ k âåðøèíàìè. Îòîáðàæåíèå ϕ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî
åñëè äëÿ êàæäîãî i = 0, . . . , k åãî i-ÿ ïðîèçâîäíàÿ ϕ(i) íå ñîäåðæèò òðàíñâåðñàëüíûõ ñàìîïåðåñå÷åíèé, è ïðè
ýòîì íå ÿâëÿåòñÿ ñòàíäàðòíîé íàìîòêîé ñòåïåíè d 6∈ {−1, 0, 1}.
Ìû äîêàçûâàåì îáå òåîðåìû 1.3.I è 1.3.S â 2. Íàøå äîêàçàòåëüñòâî ðåçóëüòàòà 1.3.I ÿâëÿåòñÿ áîëåå ïðîñòûì,
÷åì ïðèâåäåííîå â [6℄.
Â 3 ìû ïðèìåíÿåì Òåîðåìó 1.3 äëÿ ïîëó÷åíèÿ ñëåäóþùåãî êðèòåðèÿ.
Ñëåäñòâèå 1.4. Êóñî÷íî ëèíåéíîå îòîáðàæåíèå ϕ : I → R2 àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî
åñëè âûïîëíåíî ëþáîå èç ñëåäóþùèõ ýêâèâàëåíòíûõ óñëîâèé:
D) (ñâîéñòâî âçðåçàííîãî ïðîèçâåäåíèÿ) Ñóùåñòâóåò îòîáðàæåíèå
{(x, y) ∈ I × I : x 6= y} → S1,
òàêîå ÷òî åãî îãðàíè÷åíèå íà ìíîæåñòâî {(x, y) ∈ I × I : ϕx 6= ϕy} ãîìîòîïíî îòîáðàæåíèþ, çàäàííîìó
îðìóëîé ϕ˜(x, y) = ϕx−ϕy‖ϕx−ϕy‖ ;
V) ïðåïÿòñòâèå âàí Êàìïåíà (îïðåäåëåííîå â 3) v(ϕ) = 0.
Õîòÿ Êðèòåðèé 1.4.V è òðóäíåå ñîðìóëèðîâàòü, íî åãî ëåã÷å ïðèìåíÿòü, ÷åì 1.3.I è 1.4.D. Â Ñëåäñòâèè 1.4
îòðåçîê I íåëüçÿ çàìåíèòü íà îêðóæíîñòü S1: ñòàíäàðòíàÿ 3-íàìîòêà ÿâëÿåòñÿ êîíòðïðèìåðîì [8℄. Ïðåïÿòñòâèÿ,
ïîäîáíûå 1.4.D è 1.4.V, ñóùåñòâóþò è â áëèçêîé òåîðèè àïïðîêñèìèðóåìîñòè ñèíãóëÿðíûìè çàöåïëåíèÿìè (òî
åñòü, îòîáðàæåíèÿìè ñ íåïåðåñåêàþùèìèñÿ îáðàçàìè ñâÿçíûõ êîìïîíåíò), íî êðèòåðèè, àíàëîãè÷íûå 1.4.I è
1.4.DV äëÿ íèõ íå âåðíû (Ïðèìåð 3.3 íèæå).
èïîòåçà. Êóñî÷íî-ëèíåéíûé ïóòü ϕ : I → R2 àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî åñëè äëÿ ëþáîé
ïàðû äóã I1, I2 ⊂ I, òàêîé ÷òî I1 ∩ I2 = ∅, ïàðà îãðàíè÷åíèé ϕ : I1 → R2 è ϕ : I2 → R2 àïïðîêñèìèðóåòñÿ
ñèíãóëÿðíûìè çàöåïëåíèÿìè.
Èíòåðåñíî îáîáùèòü êðèòåðèè 1.3 è 1.4 íà êóñî÷íî ëèíåéíûå îòîáðàæåíèÿ ϕ : K → G ⊂ R2, ãäå K 
ïðîèçâîëüíûé ãðà (ñì. ÷àñòíûé ñëó÷àé â [14℄).
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èïîòåçà. Ïóñòü ϕ : K → G ⊂ R2  êóñî÷íî ëèíåéíîå îòîáðàæåíèå, ÿâëÿþùååñÿ ñèìïëèöèàëüíûì îòíîñè-
òåëüíî íåêîòîðîé òðèàíãóëÿöèè ãðàà K ñ k âåðøèíàìè. Òîãäà îòîáðàæåíèå ϕ àïïðîêñèìèðóåòñÿ âëîæåíè-
ÿìè, åñëè è òîëüêî åñëè v(ϕ) = 0 è äëÿ êàæäîãî i = 0, . . . , k åãî i-ÿ ïðîèçâîäíàÿ ϕ(i) (îïðåäåëåííàÿ â 2) íå
ñîäåðæèò ñòàíäàðòíûõ íàìîòîê ñòåïåíè d 6∈ {−1, 0, 1}.
Åñëè äàííàÿ ãèïîòåçà âåðíà, òî êóñî÷íî-ëèíåéíîå îòîáðàæåíèå ϕ : K → R2 äåðåâà K àïïðîêñèìèðóåòñÿ
âëîæåíèÿìè, åñëè è òîëüêî åñëè v(ϕ) = 0 [2, Problem 4.5℄.
Çàâåðøèì 1 íåñêîëüêèìè çàìå÷àíèÿìè ïî ïîâîäó èñòîðèè âîçíèêíîâåíèÿ ïîíÿòèÿ àïïðîêñèìèðóåìîñòè âëî-
æåíèÿìè. Äàäèì îïðåäåëåíèå ðàçëîæåíèÿ 1-ìåðíîãî êîìïàêòà â îáðàòíûé ïðåäåë è ïîêàæåì, êàê ïîíÿòèå
àïïðîêñèìèðóåìîñòè âëîæåíèÿìè ïîÿâëÿåòñÿ ïðè èññëåäîâàíèè ïëàíàðíîñòè ýòîãî êîìïàêòà. (Ìû íå áóäåì
èñïîëüçîâàòü ýòî îïðåäåëåíèå â íàøåé ñòàòüå.) Â êà÷åñòâå ïðèìåðà ïîñòðîèì 2-àäè÷åñêèé ñîëåíîèä Âàí Äàí-
öèãà. Âîçüìåì ïîëíîòîðèå T1 ⊂ R3. Ïóñòü T2 ⊂ T1  ïîëíîòîðèå, îáõîäÿùåå äâàæäû âäîëü îñè ïîëíîòîðèÿ
T1. Àíàëîãè÷íî, âîçüìåì ïîëíîòîðèå T3 ⊂ T2, îáõîäÿùåå äâàæäû âäîëü îñè ïîëíîòîðèÿ T2. Ïðîäîëæàÿ äàëåå
ïîäîáíûì îáðàçîì, ìû ïîëó÷àåì áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ïîëíîòîðèé T1 ⊃ T2 ⊃ T3 ⊃ . . . Ïåðåñå-
÷åíèå âñåõ ïîëíîòîðèé Ti ÿâëÿåòñÿ 1-ìåðíûì êîìïàêòîì è íàçûâàåòñÿ 2-àäè÷åñêèì ñîëåíîèäîì Âàí Äàíöèãà.
Îáðàòíûì ïðåäåëîì áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè ãðàîâ è ñèìïëèöèàëüíûõ îòîáðàæåíèé ìåæäó íèìè
K1 K2
ϕ1
oo K3
ϕ2
oo . . .
ϕ3
oo
ìû íàçûâàåì êîìïàêò
C = { (x1, x2, . . . ) ∈ l2 : xi ∈ Ki è ϕixi+1 = xi }.
Ìîæíî âèäåòü èç íàøåãî ïîñòðîåíèÿ, ÷òî äëÿ ñîëåíîèäà Âàí Äàíöèãà âñå Ki ∼= S1 è âñå ϕi ñóòü 2-íàìîòêè.
Ìîæíî äîêàçàòü, ÷òî ëþáîé 1-ìåðíûé êîìïàêò ìîæåò áûòü ïðåäñòàâëåí â âèäå îáðàòíîãî ïðåäåëà. Òàêîå ïðåä-
ñòàâëåíèå ïîêàçûâàåò, ÷òî ëþáîé 1-ìåðíûé êîìïàêò ìîæåò áûòü âëîæåí â R
3
. Îíî òàêæå ïðåäîñòàâëÿåò ïðîñòîå
äîñòàòî÷íîå óñëîâèå ïëàíàðíîñòè äàííîãî êîìïàêòà: äëÿ êàæäîãî ïîëîæèòåëüíîãî öåëîãî ÷èñëà i äîëæíî ñó-
ùåñòâîâàòü âëîæåíèå fi : Ki → R2, òàêîå ÷òî îòîáðàæåíèå fi ◦ϕi àïïðîêñèìèðóåòñÿ âëîæåíèÿìè è fi+1 ÿâëÿåòñÿ
2−i-áëèçêèì ê fi ◦ ϕi.
2. Äîêàçàòåëüñòâî êðèòåðèÿ àïïðîêñèìèðóåìîñòè âëîæåíèÿìè
Òåîðåìà 1.3 ñëåäóåò èç Ïðèìåðà 1.1 è Ëåìì 2.1, 2.2 (äëÿ K ∼= I, S1) è 2.3, êîòîðûå èíòåðåñíû è ñàìè ïî ñåáå.
Ëåììà 2.1. (äëÿ K ∼= I [6℄) Ïðåäïîëîæèì, ÷òî ñèìïëèöèàëüíîå îòîáðàæåíèå ϕ : K → G ⊂ R2 ãðàà K ∼= S1
èëè K ∼= I íå èìååò òðàíñâåðñàëüíûõ ñàìîïåðåñå÷åíèé. Òîãäà åñëè ϕ′ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, òî è
ϕ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè.
Ëåììà 2.2. A) [6℄ Åñëè ñèìïëèöèàëüíîå îòîáðàæåíèå ϕ : K → G ⊂ R2 àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, òî
è îòîáðàæåíèå ϕ′ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè.
V) Åñëè ñèìïëèöèàëüíîå îòîáðàæåíèå ϕ : K → G ⊂ R2 àïïðîêñèìèðóåòñÿ mod 2-âëîæåíèÿìè, òî îòîá-
ðàæåíèå ϕ′ àïïðîêñèìèðóåòñÿ mod 2-âëîæåíèÿìè.
Çäåñü mod 2-âëîæåíèå  ýòî îòîáðàæåíèå îáùåãî ïîëîæåíèÿ f : K → R2, òàêîå ÷òî äëÿ êàæäîé ïàðû a, b
íåïåðåñåêàþùèõñÿ ðåáåð ãðàà K ìíîæåñòâî fa∩fb ñîñòîèò èç ÷åòíîãî ÷èñëà òî÷åê. Îïðåäåëåíèå ïðîèçâîäíîé
äëÿ ñèìïëèöèàëüíîãî îòîáðàæåíèÿ ïðîèçâîëüíîãî ãðàà K ïðèâîäèòñÿ íèæå.
Ëåììà 2.3. Ïóñòü ϕ : S1 → G  êóñî÷íî ëèíåéíîå îòîáðàæåíèå, êîòîðîå ÿâëÿåòñÿ ñèìïëèöèàëüíûì äëÿ
íåêîòîðîé òðèàíãóëÿöèè îêðóæíîñòè S1 ñ k âåðøèíàìè. Òîãäà ëèáî îáëàñòü îïðåäåëåíèÿ îòîáðàæåíèÿ ϕ(k)
ïóñòà, ëèáî ϕ(k) ÿâëÿåòñÿ ñòàíäàðòíîé íàìîòêîé ñòåïåíè d 6= 0.
Ýòî ÷èñëî d ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå ñòåïåíè äëÿ ëþáîãî ñèìïëèöèàëüíîãî îòîáðàæåíèÿ S1 →
G. Òàêèì îáðàçîì, èíòåðåñíî ïîëó÷èòü ðåøåíèå ñëåäóþùåé çàäà÷è (îíî ìîæåò òàêæå ñäåëàòü ïðèìåíåíèå Êðè-
òåðèåâ 1.3 áîëåå óäîáíûì): íàéòè ïðîñòîé àëãîðèòì äëÿ âû÷èñëåíèÿ ñòåïåíè íàìîòêè ϕ(∞) äëÿ äàííîãî
êóñî÷íî ëèíåéíîãî îòîáðàæåíèÿ ϕ : S1 → G.
Äàëåå ìû èñïîëüçóåì ñëåäóþùåå îáîáùåíèå îïðåäåëåíèÿ ïðîèçâîäíîé (äëÿ ïóòè), äàííîãî â 1.
Îïðåäåëåíèå 2.4 (Ïðîèçâîäíàÿ ñèìïëèöèàëüíîãî îòîáðàæåíèÿ). [6℄ (ñì. èëëþñòðàöèþ 1, à òàêæå ÷àñòü èë-
ëþñòðàöèè 4 íèæå) Ïóñòü äàíî ñèìïëèöèàëüíîå îòîáðàæåíèå ϕ : K → G. Ñíà÷àëà ïîñòðîèì ãðà K ′ϕ, êîòîðûé
áóäåò îáëàñòüþ îïðåäåëåíèÿ ïðîèçâîäíîé ϕ′. Ïîä ϕ-êîìïîíåíòîé ãðàà K ìû ïîäðàçóìåâàåì ëþáóþ ñâÿçíóþ
êîìïîíåíòó α ìíîæåñòâà ϕ−1a, îòîáðàæàåìóþ íà a, äëÿ íåêîòîðîãî ðåáðà a ⊂ G. Ìíîæåñòâî âåðøèí ãðàà
K ′ϕ íàõîäèòñÿ â 1-1 ñîîòâåòñòâèè ñ ìíîæåñòâîì âñåõ ϕ-êîìïîíåíò. Äëÿ ϕ-êîìïîíåíòû α ⊂ K îáîçíà÷èì ÷åðåç
α′ ∈ K ′ϕ ñîîòâåòñòâóþùóþ âåðøèíó. Äâå âåðøèíû α
′
è β′ ñîåäèíåíû ðåáðîì â ãðàå K ′ϕ, åñëè è òîëüêî åñëè
α ∩ β 6= ∅. Ïðîèçâîäíàÿ ϕ′ : K ′ϕ → G
′
 ýòî ñèìïëèöèàëüíîå îòîáðàæåíèå, îïðåäåëåííîå íà âåðøèíàõ ãðàà
K ′ϕ îðìóëîé ϕ
′α′ = (ϕα)′. Â äàëüíåéøåì çàìåíèì ϕ′ íà ñþðúåêòèâíîå îãðàíè÷åíèå ϕ′ : K ′ϕ → ϕ
′K ′ϕ. (Â îðè-
ãèíàëüíîì îïðåäåëåíèè ñòàòüè [6℄ ãðà G′ îáîçíà÷àåòñÿ êàê D(G), ïðîèçâîäíàÿ ϕ′ êàê d[ϕ], è ãðà K ′ϕ êàê
D(ϕ,K).)
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Äîêàçàòåëüñòâî Ëåììû 2.3. Áóäåì ãîâîðèòü, ÷òî ñèìïëèöèàëüíîå îòîáðàæåíèå ϕ : K → G ÿâëÿåòñÿ ñèëüíî
íåâûðîæäåííûì, åñëè äëÿ êàæäîãî ðåáðà a ⊂ K îáðàç ϕa ÿâëÿåòñÿ ðåáðîì G (à íå âåðøèíîé) è äëÿ êàæäîé
ïàðû a, b ⊂ K ñìåæíûõ ðåáåð ìû èìååì ϕa 6= ϕb. Îáîçíà÷èì ÷åðåç |K| ÷èñëî âåðøèí â ãðàå K. ßñíî, ÷òî åñëè
K ∼= S1, òî |K ′ϕ| ≤ |K|, ïðè÷åì |K
′
ϕ| = |K|, òîëüêî åñëè ϕ ÿâëÿåòñÿ ñèëüíî íåâûðîæäåííûì. Ïîýòîìó ëåììó
äîñòàòî÷íî äîêàçàòü òîëüêî â ïîñëåäíåì ñëó÷àå (ïîòîìó ÷òî ñëó÷àè, êîãäàK ′ϕ
∼= I èëè ãðàK ′ϕ ÿâëÿåòñÿ òî÷êîé,
òðèâèàëüíû). Â ñëó÷àå ñèëüíî íåâûðîæäåííîãî îòîáðàæåíèÿ ëåììà î÷åâèäíà, íî ìû ïðèâîäèì äîêàçàòåëüñòâî
äëÿ ïîëíîòû.
Äîêàæåì, ÷òî åñëè ñèëüíî íåâûðîæäåííîå ñþðúåêòèâíîå ñèìïëèöèàëüíîå îòîáðàæåíèå ϕ : K → G ãðàà
K ∼= S1 íå ÿâëÿåòñÿ ñòàíäàðòíîé íàìîòêîé ñòåïåíè, îòëè÷íîé îò íóëÿ, òî |G′| > |G|. Çàìåòèì, ÷òî äëÿ ñèëüíî
íåâûðîæäåííîãî îòîáðàæåíèÿ ϕ : S1 → G ãðà G íå ñîäåðæèò âèñÿùèõ âåðøèí. Åñëè ñòåïåíü êàæäîé âåð-
øèíû ãðàà G ðàâíà äâóì, òî ϕ ÿâëÿåòñÿ ñèëüíî íåâûðîæäåííûì ñèìïëèöèàëüíûì îòîáðàæåíèåì S1 → S1,
ñëåäîâàòåëüíî, ϕ ÿâëÿåòñÿ ñòàíäàðòíîé íàìîòêîé, âîïðåêè íàøåìó ïðåäïîëîæåíèþ. Çíà÷èò, ãðà G ñîäåðæèò
âåðøèíó ñòåïåíè ïî êðàéíåé ìåðå 3. Òîãäà, ïî äîêàçàííîìó âûøå, ÷èñëî ðåáåð ãðàà G áîëüøå ÷èñëà âåðøèí,
ñëåäîâàòåëüíî, |G′| > |G|. Ïîñêîëüêó äëÿ ñèìïëèöèàëüíîãî íà îòîáðàæåíèÿ ϕ : K → G ìû èìååì 1 ≤ |G| ≤ |K|,
òî |G|, |G′|, . . . , |G(k)| ≤ k (íàïîìíèì, ÷òî ïî îïðåäåëåíèþ îòîáðàæåíèå ϕ′ ñþðúåêòèâíî). Òàêèì îáðàçîì, åñòü
òîëüêî äâå âîçìîæíîñòè: ëþáîé îäíà (à çíà÷èò, è k-ÿ òîæå) èç ïðîèçâîäíûõ ϕ, . . . , ϕ(k)  ñòàíäàðòíàÿ íàìîòêà
íåíóëåâîé ñòåïåíè, ëèáî |G(k)| = 0, òî åñòü îáëàñòü îïðåäåëåíèÿ îòîáðàæåíèÿ ϕ(k) ïóñòà. 
Òåïåðü ïðèâåäåì îáåùàííîå â 1 ïîñòðîåíèå âëîæåíèÿ G′ϕ → R
2
. Íàì áóäåò óäîáíåå ðàññìàòðèâàòü óòîëùå-
íèÿ ãðàîâ, à íå âëîæåíèÿ ãðàîâ â ïëîñêîñòü. Â ýòîì ñìûñëå îáåùàííîå ïîñòðîåíèå ýêâèâàëåíòíî ïîñòðîåíèþ
ïðîèçâîäíîé óòîëùåíèÿ (ñì. îïðåäåëåíèå óòîëùåíèÿN ′ íèæå). Äàëåå ìû ïðåäïîëàãàåì, ÷òî èêñèðîâàíî óòîë-
ùåíèå N ãðàà G íà ïëîñêîñòè (òî åñòü, ðåãóëÿðíàÿ îêðåñòíîñòü ãðàà G ⊂ R2). Ìû òàêæå ïðåäïîëàãàåì, ÷òî
òàêæå èêñèðîâàíî ðàçëîæåíèå íà ðó÷êè (îáîçíà÷àåìîå ÷åðåç S)
N =
⋃
x∈ ìíîæåñòâî âåðøèí ãðàà G
Nx ∪
⋃
a∈ ìíîæåñòâî ðåáåð ãðàà G
N(a),
ñîîòâåòñòâóþùåå ãðàó G, ãäå Nx îáîçíà÷àþò 2-ìåðíûå äèñêè, à N(a)  ïðèñîåäèíåííûå ê íèì ëåíòî÷êè. Îáî-
çíà÷èì ÷åðåç Na îãðàíè÷åíèå Nx ∪ N(a) ∪ Ny óòîëùåíèÿ N íà ðåáðî a = xy. Ôàêòè÷åñêè, ìû íå èñïîëüçóåì
ïëàíàðíîñòü N â ïîñëåäóþùèõ ðàññóæäåíèÿõ. Ìîæíî ñ÷èòàòü, ÷òî óòîëùåíèå N ÿâëÿåòñÿ âñåãî ëèøü îðèåí-
òèðóåìûì (îðèåíòèðóåìîñòü íåîáõîäèìà äëÿ óòâåðæäåíèÿ Ïðèìåðà 1.1). Äàäèì îïðåäåëåíèå ïðîèçâîäíîé N ′
óòîëùåíèÿ N . Ýòî óòîëùåíèå N ′ çàâèñèò îò ñèìïëèöèàëüíîãî îòîáðàæåíèÿ ϕ : K → G ⊂ N è îïðåäåëåíî
êîððåêòíî, òîëüêî åñëè ϕ íå ñîäåðæèò òðàíñâåðñàëüíûõ ñàìîïåðåñå÷åíèé. Êðîìå òîãî, â ñëó÷àå ïðîèçâîëüíîãî
ãðàà K ìû äîëæíû òàêæå ïðåäïîëîæèòü, ÷òî íå ñóùåñòâóåò ïàðû äóã i, j ⊂ K (íå îáÿçàòåëüíî íåïåðåñåêàþ-
ùèõñÿ!), òàêèõ ÷òî ïåðåñå÷åíèå ϕi ∩ ϕj òðàíñâåðñàëüíî.
Îïðåäåëåíèå 2.5 (Ïðîèçâîäíàÿ óòîëùåíèÿ ãðàà). (ñì. èëëþñòðàöèþ 2) Ïóñòü ϕ : K → G ⊂ N  ñèì-
ïëèöèàëüíîå îòîáðàæåíèå, òàêîå ÷òî äëÿ ëþáîé ïàðû äóã i, j ⊂ K ïåðåñå÷åíèå ϕi ∩ ϕj (âîçìîæíî ïóñòîå) íå
òðàíñâåðñàëüíî. Âîçüìåì ïî äèñêó N ′a′ äëÿ êàæäîé âåðøèíû a
′ ∈ G′ è ïî ëåíòî÷êå N ′(a′b′) äëÿ êàæäîãî ðåáðà
a′b′ ⊂ G′. Òîãäà N ′ âìåñòå ñ åãî ðàçëîæåíèåì ðó÷êè S′ îïðåäåëÿåòñÿ îðìóëîé N ′ =
⋃
N ′a′ ∪
⋃
N ′(a′b′). Çäåñü
ìû ïîëàãàåì N ′(a′b′)′ = N(a) äëÿ êàæäîãî ðåáðà a ⊂ G. Äëÿ êàæäîé ïàðû a, b ⊂ G ñìåæíûõ ðåáåð, äëÿ êîòîðûõ
(ϕ′)−1(a′b′) 6= ∅, ìû ñîåäèíÿåì äâà äèñêà N ′a′ è N
′
b′ óçêîé ëåíòî÷êîé N
′
(a′b′) â Na∩b. Ïîñêîëüêó ïåðåñå÷åíèå äóã
a ∪ b è c ∪ d íå òðàíñâåðñàëüíî íè äëÿ êàêîé ïàðû ñìåæíûõ ðåáåð c, d ⊂ K, òî ìû ìîæåì âûáðàòü ëåíòî÷êè
N ′(a′b′) òàê, ÷òîáû îíè íå ïåðåñåêàëèñü äëÿ ðàçëè÷íûõ ðåáåð a
′b′.
Ýòî îïðåäåëåíèå ìîæíî ðàññìàòðèâàòü êàê ïîñòðîåíèå âëîæåíèÿ N ′ → N , à òàêæå âëîæåíèÿ G′ϕ → R
2
.
Çàìåòèì, ÷òî ðàçáèåíèå íà ðó÷êè S′ è òîïîëîãè÷åñêèé òèï óòîëùåíèÿ N ′ íå çàâèñÿò îò âûáîðà ëåíòî÷åê N ′(a′b′)
ÎÁ ÀÏÏÎÊÑÈÌÈÓÅÌÎÑÒÈ ÂËÎÆÅÍÈßÌÈ ÖÈÊËÎÂ ÍÀ ÏËÎÑÊÎÑÒÈ 5
fa
fa
fc
fa fa
fb fb
fc fK f(K/c)
a b
èñ. 3. Ïåðåñòðîéêè âûðîæäåííûõ îòîáðàæåíèé
â íàøåì îïðåäåëåíèè. Àëüòåðíàòèâíîå îïðåäåëåíèå ïðîèçâîäíîé D(N) óòîëùåíèÿ N èç ñòàòüè [6℄ íå çàâèñèò
òàêæå îò âûáîðà îòîáðàæåíèÿ ϕ. Óòîëùåíèå N ′ â íàøåé ñòàòüå ÿâëÿåòñÿ ïîäóòîëùåíèåì óòîëùåíèÿ D(N)
(îïðåäåëåíèå êîòîðîãî ïðèâîäèòñÿ â ñòàòüå [6℄), ñîîòâåòñòâóþùèì ïîäãðàó G′ϕ ⊂ G
′
.
ßñíî, ÷òî äëÿ èññëåäîâàíèÿ àïïðîêñèìèðóåìîñòè âëîæåíèÿìè ñèìïëèöèàëüíûõ îòîáðàæåíèé K → G ⊂ R2
äîñòàòî÷íî ðàññìîòðèâàòü òîëüêî ïðèáëèæåíèÿ f : K → N . Òåïåðü ìû ñîáèðàåìñÿ ñâåñòè çàäà÷ó àïïðîêñèìè-
ðóåìîñòè âëîæåíèÿìè äàííîãî îòîáðàæåíèÿ ê çàäà÷å ñóùåñòâîâàíèÿ âëîæåíèÿ, áëèçêîãî ê íåìó â íåêîòîðîì
ñìûñëå (S-áëèçêîãî).
Îïðåäåëåíèå 2.6 (S-àïïðîêñèìàöèÿ). [6℄ Îòîáðàæåíèå f : K → N íàçûâàåòñÿ S-àïïðîêñèìàöèåé îòîáðàæåíèÿ
ϕ, èëè, îòîáðàæåíèå f S-áëèçêî ê ϕ, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
(i) fx ⊂ Nϕx äëÿ êàæäîé âåðøèíû èëè ðåáðà x ãðàà K;
(ii) x ∩ f−1N(ϕx) ñâÿçíî äëÿ êàæäîãî ðåáðà x ãðàà K ñ íåâûðîæäåííûì îáðàçîì ϕx.
Ñîãëàñíî Óòâåðæäåíèþ 2.9 ñòàòüè [6℄, îòîáðàæåíèå ϕ : K → G àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî
åñëè ñóùåñòâóåò âëîæåíèå f : K → N , S-áëèçêîå ê ϕ.
Êóñî÷íî ëèíåéíîå îòîáðàæåíèå ϕ : K → N íàçûâàåòñÿ âûðîæäåííûì, åñëè ϕc ÿâëÿåòñÿ òî÷êîé äëÿ íåêîòî-
ðîãî ðåáðà c ⊂ K. Äîêàæåì ñëåäóþùåå íåñëîæíîå Óòâåðæäåíèå î ñòÿãèâàíèè ðåáðà 2.7, êîòîðîå â íåêîòîðîì
ñìûñëå ïîçâîëÿåò ñ÷èòàòü, ÷òî â Ëåììàõ 2.1 è 2.2 îòîáðàæåíèå ϕ ÿâëÿåòñÿ íåâûðîæäåííûì.
Óòâåðæäåíèå 2.7 (Î ñòÿãèâàíèè ðåáðà). Ïóñòü ϕ : K → G  ñèìïëèöèàëüíîå îòîáðàæåíèå, òàêîå ÷òî ϕc
ÿâëÿåòñÿ òî÷êîé äëÿ íåêîòîðîãî ðåáðà c ⊂ K. Ïóñòü K/c  ãðà, ïîëó÷åííûé èç ãðàà K ñòÿãèâàíèåì ðåáðà
c, è ïóñòü ϕ/c : K/c→ G  ñîîòâåòñòâóþùåå îòîáðàæåíèå. Òîãäà
D) K ′ϕ/c = K
′
ϕ, G
′
ϕ = G
′
ϕ/c è (ϕ/c)
′ = ϕ′.
A) äëÿ K ∼= S1 èëè K ∼= I îòîáðàæåíèå ϕ/c àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, åñëè è òîëüêî åñëè ϕ àïïðîê-
ñèìèðóåòñÿ âëîæåíèÿìè.
K) äëÿ ïðîèçâîëüíîãî ãðàà K, åñëè ϕ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, òî ϕ/c àïïðîêñèìèðóåòñÿ âëîæå-
íèÿìè.
V) Åñëè ϕ àïïðîêñèìèðóåòñÿ mod 2-âëîæåíèÿìè, òî ϕ/c àïïðîêñèìèðóåòñÿ mod 2-âëîæåíèÿìè.
Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 2.7. D) î÷åâèäíî.
A) Äîêàæåì ïðÿìóþ èìïëèêàöèþ. Ïóñòü f : K/c→ N  âëîæåíèå, S-áëèçêîå ê ϕ/c. Ïóñòü a ⊂ K  ðåáðî,
ñìåæíîå ñ c (åñëè c  ñâÿçíàÿ êîìïîíåíòà ãðàà K, òî òðåáóåìîå óòâåðæäåíèå î÷åâèäíî). Äîáàâèì íîâóþ
âåðøèíó ê ðåáðó a ãðàà K/c (èëëþñòðàöèÿ 3.a). Òàê êàê K ∼= S1 èëè K ∼= I, òî ïîëó÷åííûé ãðà èçîìîðåí
K è âëîæåíèå f : K → N  èñêîìîå. Îáðàòíàÿ èìïëèêàöèÿ  ÷àñòíûé ñëó÷àé óòâåðæäåíèÿ K).
K) Ïóñòü f : K → N  âëîæåíèå, S-áëèçêîå ê ϕ. Ñäåëàåì ïåðåñòðîéêó, ïîêàçàííóþ íà èëëþñòðàöèè 3.b.
Ïîëó÷èì âëîæåíèå f¯ : K/c→ N , S-áëèçêîå ê ϕ/c.
V) Ïóñòü f  mod 2-âëîæåíèå, S-áëèçêîå ê ϕ. Ñäåëàåì ïåðåñòðîéêó, ïîêàçàííóþ íà èëëþñòðàöèè 3.b.
Ïîëó÷èì S-áëèçêîå ê ϕ/c îòîáðàæåíèå f¯ : K/c → N . Äîñòàòî÷íî äîêàçàòü, ÷òî |f¯a ∩ f¯ b| = 0 (mod 2) äëÿ
êàæäîé ïàðû íåïåðåñåêàþùèõñÿ ðåáåð a, b ⊂ (K/c). Äåéñòâèòåëüíî, a è b ÿâëÿþòñÿ ðåáðàìè òàêæå è â ãðàå
K, ïðè÷åì ïî êðàéíåé ìåðå îäíî èç íèõ íå ñìåæíî ñ c (ïîòîìó ÷òî a è b ÿâëÿþòñÿ íåïåðåñåêàþùèìèñÿ â K/c).
Åñëè íè a, íè b íå ñìåæíî ñ c, òî |f¯a ∩ f¯ b| = |fa ∩ fb| = 0 (mod 2). Åñëè, íàïðèìåð, b ⊂ K ñìåæíî ñ c è a íå
ñìåæíî ñ c, òî |f¯a ∩ f¯ b| = |fa ∩ fb|+ |fa ∩ fc| = 0 (mod 2), ÷òî äîêàçûâàåò óòâåðæäåíèå. 
Âûðîæäåííûå îòîáðàæåíèÿ ïîÿâëÿþòñÿ â íàøåì äîêàçàòåëüñòâå Ëåìì 2.1 è 2.2, äàæå åñëè èñõîäíîå îòîá-
ðàæåíèå ϕ : K → G ÿâëÿåòñÿ íåâûðîæäåííûì. Ìû ñîáèðàåìñÿ ïîñòðîèòü ãðà K¯ ′ϕ è ïàðó (âûðîæäåííûõ)
ñèìïëèöèàëüíûõ îòîáðàæåíèé G K¯ ′ϕ
ϕ¯
oo
ϕ¯′
// G′ , êîòîðûå ìîãóò áûòü ïîëó÷åíû èç îòîáðàæåíèé ϕ è ϕ′,
6 Ìèõàèë Ñêîïåíêîâ
ϕ¯ ϕ¯′
ϕ ϕ′
K¯ ′ϕK K
′
ϕ
G G′
èñ. 4. Ïîëóïðîèçâîäíûå ñèìïëèöèàëüíîãî îòîáðàæåíèÿ
ñîîòâåòñòâåííî, îïåðàöèåé èç Óòâåðæäåíèÿ î ñòÿãèâàíèè ðåáðà 2.7 (ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëî-
æåíèÿõ îòíîñèòåëüíî ϕ, äåòàëè ïðåäñòàâëåíû íèæå). Âìåñòå ñ ïîñòðîåíèåì âëîæåíèÿ N ′ → N (ñì. îïðåäåëåíèå
óòîëùåíèÿ N ′ âûøå), ýòî íåìåäëåííî âëå÷åò óòâåðæäåíèå Ëåììû 2.1 (ñì. èëëþñòðàöèè 4, 5, 6).
Îïðåäåëåíèå 2.8 (Ïîëóïðîèçâîäíàÿ ñèìïëèöèàëüíîãî îòîáðàæåíèÿ). (ñì. èëëþñòðàöèþ 4) Ïðåäïîëîæèì,
÷òî îòîáðàæåíèå ϕ ÿâëÿåòñÿ íåâûðîæäåííûì, è K íå èìååò âåðøèí ñòåïåíè 0. Âîçüìåì íåñâÿçíîå îáúåäèíåíèå
âñåõ ϕ-êîìïîíåíò ãðàà K (ñì. Îïðåäåëåíèå ïðîèçâîäíîé ϕ′ âûøå). Ñîåäèíèì ðåáðîì ëþáûå äâå âåðøèíû,
ïðèíàäëåæàùèå ðàçëè÷íûì ϕ-êîìïîíåíòàì è îòâå÷àþùèå îäíîé è òîé æå âåðøèíå ãðàà K. Îáîçíà÷èì ïîëó-
÷åííóþ ïîëóïðîèçâîäíóþ ãðàà K ÷åðåç K¯ ′ϕ. Òàêèì îáðàçîì, ϕ-êîìïîíåíòà α ⊂ K ÿâëÿåòñÿ òàêæå ïîäãðàîì
ãðàà K¯ ′ϕ, îáîçíà÷àåìûì ÷åðåç α¯
′
. Â äàëüíåéøåì ìû îòîæäåñòâëÿåì òî÷êè ãðàîâ α è α¯′. Îïðåäåëèì ñèìïëè-
öèàëüíûå îòîáðàæåíèÿ ϕ¯ è ϕ¯′ (ïîëóïðîèçâîäíûå îòîáðàæåíèÿ ϕ) êàê î÷åâèäíûå ïðîåêöèè K¯ ′ϕ → G è K¯
′
ϕ → G
′
,
ñîîòâåòñòâåííî, çàäàííûå íà âåðøèíàõ îðìóëàìè ϕ¯x = ϕx è ϕ¯′x = (ϕα)′, ãäå âåðøèíà x ∈ K¯ ′ϕ ïðèíàäëåæèò
ϕ-êîìïîíåíòå α¯′.
Äîêàçàòåëüñòâî Ëåììû 2.1. Ñîãëàñíî Óòâåðæäåíèþ î ñòÿãèâàíèè ðåáðà 2.7.D, îòîáðàæåíèå ϕ ìîæåò ñ÷èòàòü
íåâûðîæäåííûì. Ìû òàêæå ìîæåì ñ÷èòàòü, ÷òî ãðà K íå èìååò âåðøèí ñòåïåíè 0. Ëåãêî âèäåòü, ÷òî ϕ è ϕ′
ìîãóò áûòü ïîëó÷åíû èç ϕ¯ è íåêîòîðîãî ñóæåíèÿ ϕ¯′, ñîîòâåòñòâåííî, îïåðàöèåé èç Óòâåðæäåíèÿ î ñòÿãèâàíèè
ðåáðà 2.7. Åñëè ëþáûå äâå ϕ-êîìïîíåíòû èìåþò íå áîëåå îäíîé îáùåé òî÷êè, òî ϕ′ ìîæåò áûòü ïîëó÷åí òàêèì
îáðàçîì íåïîñðåäñòâåííî èç ϕ¯. Íî äëÿ K ∼= S1 ïîñëåäíåå óñëîâèå âûïîëíåíî âñåãäà, êðîìå ñëó÷àÿ, êîãäà ãðà
K ñîñòîèò èç ðîâíî äâóõ ϕ-êîìïîíåíò. Î÷åâèäíî, îòîáðàæåíèå ϕ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè â óêàçàííîì
ñëó÷àå. Òàêèì îáðàçîì, äîñòàòî÷íî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå:
(*) åñëè ϕ¯′ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, òî ϕ¯ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè.
Äîêàæåì óòâåðæäåíèå (*) äëÿ ïðîèçâîëüíîãî ãðàà K. Åñëè ϕ¯′ àïïðîêñèìèðóåòñÿ âëîæåíèÿìè, òî íàéäåòñÿ
âëîæåíèå K¯ ′ϕ → N
′
, S′-áëèçêîå ê ϕ¯′. Îïðåäåëèì âëîæåíèå f : K¯ ′ϕ → N êàê êîìïîçèöèþ ýòîãî âëîæåíèÿ
è âëîæåíèÿ N ′ → N , ïîñòðîåííîãî â îïðåäåëåíèè óòîëùåíèÿ N ′ (ñì. èëëþñòðàöèþ 5, ãäå ýòî ïîñòðîåíèå
ïðèìåíÿåòñÿ ê îòîáðàæåíèþ ϕ ñ èëëþñòðàöèè 4). ßñíî, ÷òî ñóùåñòâóåò íîâîå ðàçëîæåíèå íà ðó÷êè N =
⋃
N¯a∪⋃
N¯(ab) óòîëùåíèÿ N , îáîçíà÷àåìîå S¯, òàêîå ÷òî f áóäåò S¯-àïïðîêñèìàöèåé îòîáðàæåíèÿ ϕ¯ (ñì. èëëþñòðàöèþ 6,
ñðàâíè ñ [6℄, Óòâåðæäåíèå 4.9) Òîãäà f : K¯ ′ϕ → N¯ (ãäå N¯ îáîçíà÷àåò óòîëùåíèå N ñ íîâûì ðàçëîæåíèåì ðó÷êè
S¯)  âëîæåíèå, S¯-áëèçêîå ê îòîáðàæåíèþ ϕ¯. Ëåììà äîêàçàíà. 
Òà æå ñàìàÿ èäåÿ èñïîëüçóåòñÿ â äîêàçàòåëüñòâå Ëåìì 2.2.A,V. àññìàòðèâàåòñÿ îòîáðàæåíèå f : K¯ ′ϕ → N
îáùåãî ïîëîæåíèÿ, S-áëèçêîå ê ϕ¯ è ñòðîèòñÿ ïîëóïðîèçâîäíàÿ f¯ ′ : K¯ ′ϕ → N
′
, S-áëèçêàÿ ê ϕ¯′ (ñì. èëëþñòðàöèþ 7).
Ïîòîì ïðîâåðÿåòñÿ, ÷òî åñëè f  âëîæåíèå, òî f¯ ′  òàêæå âëîæåíèå (ñì. èëëþñòðàöèþ 8).
Îïðåäåëåíèå 2.9 (Ïîëóïðîèçâîäíàÿ S-àïïðîêñèìàöèè). (ñì. èëëþñòðàöèþ 7, ãäå ïðèâåäåííîå íèæå ïîñòðî-
åíèå ïîñòðîåíèå ïðèìåíÿåòñÿ ê îòîáðàæåíèþ ϕ, èçîáðàæåííîìó íà èëëþñòðàöèè 4) Ïóñòü K  ãðà áåç
âåðøèí ñòåïåíè 0. Ïóñòü ϕ : K → G ⊂ N  íåâûðîæäåííîå ñèìïëèöèàëüíîå îòîáðàæåíèå áåç òðàíñâåðñàëüíûõ
ñàìîïåðåñå÷åíèé. Ïóñòü f : K → N  S-àïïðîêñèìàöèÿ îòîáðàæåíèÿ ϕ. Òîãäà ïîëóïðîèçâîäíàÿ îòîáðàæåíèÿ
f åñòü S′-àïïðîêñèìàöèÿ f¯ ′ : K¯ ′ϕ → N
′
îòîáðàæåíèÿ ϕ′, è ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Äëÿ êàæäîãî ðåáðà
a ⊂ G âûáåðåì ãîìåîìîðèçì ha : Na → N ′′ òàêèì îáðàçîì, ÷òî äëÿ êàæäîãî ëþáîãî ðåáðà b, ñìåæíîãî ñ a, ìû
èìååì ha(Na∩N(b)) ⊂ N
′
(a′b′). Îïðåäåëèì f¯
′
íà êàæäîé ϕ-êîìïîíåíòå α¯′ ⊂ K¯ ′ϕ îðìóëîé f¯
′ |α¯′ = hϕαf |α Òåïåðü
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N
fK¯ ′ϕ
N ′
èñ. 5. Ïîñòðîåíèå S-àïïðîêñèìàöèè
Na Nb
fK¯ ′ϕ
N¯(ab)N¯a N¯b
èñ. 6. Ïîñòðîåíèå ðàçáèåíèÿ íà ðó÷êè
fK
N
N ′
f¯ ′K¯ ′ϕ
èñ. 7. Ïîëóïðîèçâîäíàÿ S-àïïðîêñèìàöèè
îïðåäåëèì f¯ ′ íà êàæäîì ðåáðå xy ⊂ K¯ ′ϕ, ñîåäèíÿþùåì äâå ðàçëè÷íûå ϕ-êîìïîíåíòû X¯
′
è Y¯ ′. Âîçüìåì ðåá-
ðî a ⊂ X¯ ′, ñîäåðæàùåå âåðøèíó x. Îòîæäåñòâèì X¯ ′ ñ X (ñì. Îïðåäåëåíèå ïîëóïðîèçâîäíîé ñèìïëèöèàëüíîãî
îòîáðàæåíèÿ ϕ¯′). Òîãäà a áóäåò îòîæäåñòâëåíî ñ íåêîòîðûì ðåáðîì ãðààK, à x  ñ íåêîòîðîé âåðøèíîé ãðàà
K. Îáîçíà÷èì ÷åðåç x¯ äóãó a ∩ f−1Nϕx. Îïðåäåëèì äóãó y¯ àíàëîãè÷íî. àçðåæåì ðåáðî xy â òðè îòðåçêà xx1,
x1y1 è y1y. Ïóñòü f¯
′
ãîìåîìîðíî îòîáðàæàåò îòðåçîê xx1 íà hϕXf y¯, îòðåçîê y1y  íà hϕY fx¯, à îòðåçîê x1y1
 íà ïðÿìîëèíåéíûé îòðåçîê â äèñêå N ′(ϕX ϕY ), ñîåäèíÿþùèé òî÷êè f¯
′x1 è f¯
′y1. Òàêèì îáðàçîì, îòîáðàæåíèå
f¯ ′ : K¯ ′ϕ → N
′
ïîñòðîåíî.
Çàìåòèì, ÷òî åñëè f  âëîæåíèå, òî åñòü áîëåå ïðîñòîå àëüòåðíàòèâíîå ïîñòðîåíèå îòîáðàæåíèÿ f¯ ′, â íåêî-
òîðîì ñìûñëå îáðàòíîå ê ïîñòðîåíèþ èç äîêàçàòåëüñòâà Ëåììû 2.1. Íî ýòî àëüòåðíàòèâíîå ïîñòðîåíèå íåïðè-
ìåíèìî ê äîêàçàòåëüñòâó Ëåììû 2.2.V, ïîýòîìó ìû íå ïîëüçóåìñÿ èì â äàííîé ñòàòüå. Ìû ñîáèðàåìñÿ äîêàçàòü
Ëåììó 2.2.A,V òîëüêî â ñëó÷àå, êîãäà ïðîèçâîäíàÿ N ′ îïðåäåëåíà êîððåêòíî, òî åñòü K íå ñîäåðæèò ïàð äóã
i, j, äëÿ êîòîðûõ ïåðåñå÷åíèå ϕi ∩ ϕj òðàíñâåðñàëüíî. Ýòîãî äîñòàòî÷íî äëÿ äîêàçàòåëüñòâà Òåîðåìû 1.3. Â
îáùåì ñëó÷àå äîêàçàòåëüñòâî àíàëîãè÷íî, íî íåîáõîäèìî âñþäó âìåñòî N ′ ïîëüçîâàòüñÿ ïðîèçâîäíîé D(N),
îïðåäåëåííîé â ñòàòüå [6℄.
Äîêàçàòåëüñòâî Ëåììû 2.2.A. Ñîãëàñíî Óòâåðæäåíèþ 2.7.K ìîæíî ñ÷èòàòü, ÷òî ϕ íåâûðîæäåíî. Âîçüìåì
íåêîòîðîå âëîæåíèå f : K → N , S-áëèçêîå ê ϕ. Òîãäà äîñòàòî÷íî ïîêàçàòü, ÷òî îòîáðàæåíèå f¯ ′ (ñì. Îïðåäåëåíèå
ïîëóïðîèçâîäíîé S-àïïðîêñèìàöèè f¯ ′) ÿâëÿåòñÿ âëîæåíèåì.
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x1
x¯
z¯
z1
x
z
y1
t1
y
t
J
I
haNa∩b
hbNa∩b
N ′a′b′
èñ. 8. Ïîäñ÷åò êîëè÷åñòâà òî÷åê ïåðåñå÷åíèÿ
àññìîòðèì ïàðó ðàçëè÷íûõ ðåáåð xy, zt ãðàà K ′ϕ. Îáîçíà÷èì ìíîæåñòâî f¯
′(xy)∩ f¯ ′(zt) ÷åðåç i. Äîñòàòî÷íî
ïîêàçàòü, ÷òî i = f¯ ′(xy ∩ zt). Îáîçíà÷èì a′ = ϕ¯′x, b′ = ϕ¯′y, c′ = ϕ¯′z è d′ = ϕ¯′t. Áåç îãðàíè÷åíèÿ îáùíîñòè
âîçìîæíû ñëåäóþùèå 3 ñëó÷àÿ.
1) a′, b′, c′ è d′ ïîïàðíî ðàçëè÷íû. Òàê êàê f¯ ′ ÿâëÿåòñÿ S′-àïïðîêñèìàöèåé,òî f¯ ′xy ⊂ N ′a′b′ è f¯
′zt ⊂ N ′c′d′ ,
ñëåäîâàòåëüíî i = ∅.
2) (a′ = c′ è b′ 6= d′) èëè (a′ = b′ = c′ = d′). Òîãäà i ⊂ N ′a′ , ñëåäîâàòåëüíî, i = ha(fx¯ ∩ f z¯) (ñì. îïðåäåëåíèå ha
è x¯ â Îïðåäåëåíèè ïîëóïðîèçâîäíîé S-àïïðîêñèìàöèè f¯ ′, äóãà z¯ îïðåäåëÿåòñÿ àíàëîãè÷íî x¯). Åñëè y 6= t, òî x¯
è z¯ íå ïåðåñåêàþòñÿ, òàê ÷òî fx¯ ∩ f z¯ = ∅ è i = ∅. Åñëè æå y = t, òî i = ha(fy) = f¯ ′(xy ∩ zt).
3) a′ = c′, b′ = d′ è a′ 6= b′. Â ýòîì ñëó÷àå êàê xy, òàê è zt, ñîåäèíÿþò âåðøèíû èç ðàçëè÷íûõ ϕ-êîìïîíåíò.
Äîêàæåì, ÷òî xy è zt íå ïåðåñåêàþòñÿ. Íàïðèìåð, ïóñòü y = t. Òîãäà âñå âåðøèíû x, y, z è t ãðàà K¯ ′ϕ îòâå÷àþò
îäíîé è òîé æå âåðøèíå ãðàà K. Îáîçíà÷èì åå ÷åðåç w. Îáîçíà÷èì ÷åðåç X è Z òå ϕ-êîìïîíåíòû ìíîæåñòâà
ϕ−1a = ϕ−1c, äëÿ êîòîðûõ x ∈ X¯ ′ è z ∈ Z¯ ′. Òàêèì îáðàçîì, ó ϕ-êîìïîíåíò X è Z åñòü îáùàÿ òî÷êà w,
ñëåäîâàòåëüíî X = Z. Çíà÷èò, x, z ∈ X¯ ′ = Z¯ ′ îòâå÷àþò îäíîé è òîé æå âåðøèíå w, ñëåäîâàòåëüíî, x = z. Ìû
ïîëó÷àåì, ÷òî y = t è x = z, òîãäà ïî ïîñòðîåíèþ ãðàà K¯ ′ϕ ìû ïîëó÷àåì xy = zt, ÷òî ïðîòèâîðå÷èò âûáîðó
ýòèõ ðåáåð. Çíà÷èò, xy è zt íå ïåðåñåêàþòñÿ.
Ïîêàæåì, ÷òî â ñëó÷àå (3) |i| = 0 (mod 2). Â äàëüíåéøåì áóäåì îïóñêàòü f¯ ′ â îáîçíà÷åíèÿõ âñåõ îáðàçîâ ïðè
îòîáðàæåíèè f¯ ′. Çàìåòèì, ÷òî ãîìåîìîðèçì ha◦h
−1
b îòîáðàæàåò y1y è t1t íà x¯ è z¯, ñîîòâåòñòâåííî (èëëþñòðàöèÿ
8). Èç ýòîãî ñëåäóåò, ÷òî |i| = |I ∩ J |, ãäå I = x¯ ∪ xy1 è J = z¯ ∪ zt1. Èç ýòîãî òàêæå ñëåäóåò, ÷òî äâå ïàðû òî÷åê
∂I è ∂J íå çàöåïëåíû íà îêðóæíîñòè ∂(haNa∩b ∪ N ′(a′b′)). Òàê êàê I, J ⊂ haNa∩b ∪ N(a′b′), òî |i| = |I ∩ J | = 0
(mod 2). Òàêèì îáðàçîì, îñòàåòñÿ äîêàçàòü, ÷òî |I ∩ J | ≤ 1, òîãäà I ∩ J = ∅. Ïîñëåäíåå óòâåðæäåíèå ñëåäóåò èç
ðàâåíñòâà
x¯ ∩ z¯ = ha(fx¯ ∩ f z¯) = ∅ xx1 ∩ zz1 = ha(f y¯ ∩ f t¯) = ∅ è |x1y1 ∩ z1t1| ≤ 1,
ïîòîìó ÷òî x1y1 è z1t1  ïðÿìîëèíåéíûå îòðåçêè â äèñêå N(a′b′). Ëåììà äîêàçàíà. 
Äîêàçàòåëüñòâî Ëåììû 2.2.V. Ñîãëàñíî Óòâåðæäåíèþ î ñòÿãèâàíèè ðåáðà 2.7.V íàì äîñòàòî÷íî äîêàçàòü, ÷òî
åñëè f : K¯ ′ϕ → N ÿâëÿåòñÿ mod 2-âëîæåíèåì, S-áëèçêèì ê ϕ, òî åãî ïîëóïðîèçâîäíàÿ f¯
′
òàêæå ÿâëÿåòñÿ
mod 2-âëîæåíèåì.
Âîçüìåì ïàðó íåïåðåñåêàþùèõñÿ ðåáåð xy, zt ãðàà K¯ ′ϕ è ðàññìîòðèì òå æå òðè ñëó÷àÿ, ÷òî è â äîêàçàòåëüñòâå
Ëåììû 2.2.A. Ñëó÷àé 1) òðèâèàëåí. Â ñëó÷àå 2) ìû èìååì f(xy)∩f(zt) ⊂ Na, ñëåäîâàòåëüíî, |i| = |ha(fx¯∩f z¯)| =
|ha(f(xy) ∩ f(zt))| = |f(xy) ∩ f(zt)| = 0 (mod 2). Â äîêàçàòåëüñòâå Ëåììû 2.2.A ìû óæå ïîêàçàëè, ÷òî â ñëó÷àå
3) âûïîëíåíî ðàâåíñòâî |i| = 0 (mod 2). Òàêèì îáðàçîì, Ëåììà 2.2.V äîêàçàíà. 
3. Ïðåïÿòñòâèå Âàí Êàìïåíà
Ïðåïÿòñòâèå Âàí Êàìïåíà áûëî ïðèäóìàíî Âàí Êàìïåíîì ïðè èññëåäîâàíèè âëîæèìîñòè ïîëèýäðîâ â R
2n
[2, 3, 4, 7, 8℄. Äàäèì îïðåäåëåíèå ïðåïÿòñòâèÿ âàí Êàìïåíà ê àïïðîêñèìèðóåìîñòè âëîæåíèÿìè ñèìïëèöèàëüíûõ
ïóòåé. Íàøå ïîñòðîåíèå áîëåå íàãëÿäíî, ÷åì ïîñòðîåíèå ïðåïÿòñòâèÿ Âàí Êàìïåíà ê âëîæèìîñòè. Ïóñòü ϕ :
I → R2  ñèìïëèöèàëüíûé ïóòü (íà èëëþñòðàöèè 9 ïðèâåäåííàÿ íèæå êîíñòðóêöèÿ ïðèìåíÿåòñÿ ê ïóòè,
ïîêàçàííîìó íà èëëþñòðàöèè 1). Îáîçíà÷èì ÷åðåç x1, . . . , xk âåðøèíû ãðàà I â ïîðÿäêå èõ ðàñïîëîæåíèÿ íà
äóãå I, è îáîçíà÷èì ðåáðî xixi+1 ÷åðåç i. Ïóñòü I
∗ =
⋃
i<j−1
i × j  âçðåçàííûé êâàäðàò ãðàà I. àñêðàñèì â
êðàñíûé öâåò ðåáðà xi × j, j × xi, è êëåòêè i × j âðåçàííîãî êâàäðàòà I∗, òàêèå ÷òî ϕxi ∩ ϕj = ∅, ϕi ∩ ϕj = ∅.
Îáîçíà÷èì ÷åðåç I∗ϕ êðàñíîå ìíîæåñòâî. Âîçüìåì îòîáðàæåíèå îáùåãî ïîëîæåíèÿ f : I → R2, äîñòàòî÷íî
áëèçêîå ê ϕ. Â êàæäóþ êëåòêó i × j òàáëèöû I∗ ïîñòàâèì ÷èñëî vf (i × j) = |fi ∩ fj| (mod 2). àçðåæåì
I∗ âäîëü êðàñíûõ ðåáåð. Ïóñòü C1, C2, . . . , Cn  âñå êîìïîíåíòû ñâÿçíîñòè ïîëó÷åííîé èãóðû, äëÿ êîòîðûõ
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I∗ϕ
I∗
èñ. 9. Ïðåïÿòñòâèå Âàí Êàìïåíà
fx
fa
fx
fa
a b
èñ. 10. Äâèæåíèå àéäåìàéñòåðà
∂Ck ∩ ∂I
∗ ⊂ I∗ϕ. Îáîçíà÷èì vf (Ck) =
∑
i×j⊂Ck
vf (i× j). Ïðåïÿòñòâèå Âàí Êàìïåíà (ñ Z2-êîýèöèåíòàìè) äëÿ
àïïðîêñèìèðóåìîñòè âëîæåíèÿìè  ýòî âåêòîð v(ϕ) = ( vf (C1), vf (C2), . . . , vf (Cn) ).
Íåñëîæíî ïðîâåðèòü, ÷òî v(ϕ) íå çàâèñèò îò âûáîðà îòîáðàæåíèÿ f [8℄, òàêèì îáðàçîì, v(ϕ) = 0 ÿâëÿåòñÿ
íåîáõîäèìûì óñëîâèåì äëÿ àïïðîêñèìèðóåìîñòè âëîæåíèÿìè. Ëåãêî ïðîâåðèòü, ÷òî v(ϕ) 6= 0 äëÿ êóñî÷íî
ëèíåéíîãî ïóòè ϕ : I → R2, ñîäåðæàùåãî òðàíñâåðñàëüíîå ñàìîïåðåñå÷åíèå. Òàêèì îáðàçîì, Ñëåäñòâèå 1.4.V
ñëåäóåò èç 1.3, 2.2.V è 3.1.
Óòâåðæäåíèå 3.1. Ïðåïÿòñòâèå v(ϕ) = 0, åñëè è òîëüêî åñëè ñóùåñòâóåò S-áëèçêîå ê îòîáðàæåíèþ ϕ
mod 2-âëîæåíèå îáùåãî ïîëîæåíèÿ.
Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 3.1. Îáðàòíàÿ èìïëèêàöèÿ î÷åâèäíà. Äîêàçàòåëüñòâî ïðÿìîé èìïëèêàöèè ñëå-
äóåò èäåÿì ñòàòüè [4℄. Ìû ñîáèðàåìñÿ èñïîëüçîâàòü êîãîìîëîãè÷åñêóþ îðìóëèðîâêó ïðåïÿòñòâèÿ Âàí Êàìïåíà
(äåòàëè ìîæíî íàéòè â àáçàöå ïåðåä Óòâåðæäåíèåì 3.2 íèæå). Ïóñòü f : K → N  ëþáàÿ S-àïïðîêñèìàöèÿ
îòîáðàæåíèÿ ϕ îáùåãî ïîëîæåíèÿ. 'Äâèæåíèå àéäåìàéñòåðà', ïîêàçàííîå íà èëëþñòðàöèè 10.a, äîáàâëÿåò ê
êîöèêëó vf êîãðàíèöó δ[x× y] ýëåìåíòàðíîé êîöåïè èç ãðóïïû B2(K˜). Òàê êàê v(ϕ) = 0, òî ñ ïîìîùüþ íåñêîëü-
êèõ òàêèõ 'øàãîâ' ìû ìîæåì ïîëó÷èòü îòîáðàæåíèå f : K → N , äëÿ êîòîðîãî vf = 0. Òîãäà îòîáðàæåíèå f
íåîáõîäèìî ÿâëÿåòñÿ mod 2-âëîæåíèåì, ïîòîìó ÷òî vf = 0 îçíà÷àåò, ÷òî |fa∩fb| = 0 (mod 2) äëÿ ëþáîé ïàðû
íåïåðåñåêàþùèõñÿ ðåáåð a, b ãðàà K. 
Òåïåðü ìû ñîáèðàåìñÿ äîêàçàòü, ÷òî óñëîâèÿ 1.4.V è 1.4.D ýêâèâàëåíòíû (Óòâåðæäåíèå 3.2). Óòâåðæäåíèå 3.2
îçíà÷àåò òîëüêî, ÷òî 1.4.D =⇒ 1.4.V, íî ýòî äîñòàòî÷íî äëÿ äîêàçàòåëüñòâà Ñëåäñòâèÿ 1.4. Ìû äîêàçûâàåì
Óòâåðæäåíèå 3.2 â áîëåå îáùåé îðìóëèðîâêå, ïîýòîìó íàì ïîòðåáóåòñÿ åùå íåñêîëüêî îïðåäåëåíèé.
Ïóñòü K  ïðîèçâîëüíûé ãðà. Ïóñòü ϕ : K → G ⊂ R2  ñèìïëèöèàëüíîå îòîáðàæåíèå. Îáîçíà÷èì ÷åðåç σ
è τ ëþáûå ðåáðà ãðàà K. Âçðåçàííûì êâàäðàòîì ãðàà K ìû íàçûâàåì ìíîæåñòâî K˜ =
⋃
{ σ× τ : σ ∩ τ = ∅ }.
Ïóñòü K∗ = K˜/Z2  àêòîð ïîñòðîåííîãî ïîëèýäðà îòíîñèòåëüíî àíòèïîäàëüíîãî Z2-äåéñòâèÿ. Ïóñòü K˜
ϕ ⊂ K˜
 ïîäìíîæåñòâî, îïðåäåëÿåìîå îðìóëîé K˜ϕ = { σ × τ : ϕσ ∩ ϕτ = ∅ }. Ïóñòü K∗ϕ = K˜ϕ/Z2. Äëÿ îòîáðàæåíèÿ
îáùåãî ïîëîæåíèÿ f : K → R2, áëèçêîãî ê îòîáðàæåíèþ ϕ, îïðåäåëèì êîöåïü vf ∈ C1(K∗,K∗ϕ;Z2) îðìóëîé
vf (σ × τ) = fσ ∩ fτ (mod 2). Êëàññ v(ϕ) = [vf ] ∈ H1(K∗,K∗ϕ;Z2) ýòîé êîöåïè íå çàâèñèò îò îòîáðàæåíèÿ f è
íàçûâàåòñÿ ïðåïÿòñòâèåì Âàí Êàìïåíà ê àïïðîêñèìèðóåìîñòè âëîæåíèÿìè îòîáðàæåíèÿ ϕ. Ìû ãîâîðèì, ÷òî
îòîáðàæåíèå ϕ : K → G ⊂ R2 óäîâëåòâîðÿåò ñâîéñòâó âçðåçàííîãî êâàäðàòà, åñëè îòîáðàæåíèå ϕ˜ : K˜ϕ → S1,
çàäàííîå îðìóëîé ϕ˜(x, y) = ϕx−ϕy‖ϕx−ϕy‖ , ïðîäîëæàåòñÿ äî ýêâèâàðèàíòíîãî îòîáðàæåíèÿ K˜ → S
1
. Î÷åâèäíî,
äàííîå îïðåäåëåíèå ñâîéñòâà âçðåçàííîãî êâàäðàòà ýêâèâàëåíòíî 1.4.D â ñëó÷àå K ∼= I.
Óòâåðæäåíèå 3.2. Åñëè êóñî÷íî ëèíåéíîå îòîáðàæåíèå ϕ : K → R2 óäîâëåòâîðÿåò ñâîéñòâó âçðåçàííîãî
êâàäðàòà, òî ïðåïÿòñòâèå Âàí Êàìïåíà v(ϕ) = 0.
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èñ. 11. Ïàðà îòîáðàæåíèé, íå àïïðîêñèìèðóåìàÿ ñèíãóëÿðíûìè çàöåïëåíèÿìè
Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 3.2. Âîçüìåì îòîáðàæåíèå îáùåãî ïîëîæåíèÿ f : K → R2, áëèçêîå ê ϕ, è îïðå-
äåëèì ýêâèâàðèàíòíîå îòîáðàæåíèå f˜ : K˜ϕ ∪ sk1 K˜ → S1 îðìóëîé f˜(x, y) = fx−fy|fx−fy| . Ïî îáùåìó ïîëîæåíèþ
ïîëó÷àåì, ÷òî f˜ îïðåäåëåíî êîððåêòíî. Òàê êàê îòîáðàæåíèå f áëèçêî ê îòîáðàæåíèþ ϕ, òî f˜ |K˜ϕ ãîìîòîï-
íî ϕ˜. Î÷åâèäíî, åñëè ϕ˜ ïðîäîëæàåòñÿ äî ýêâèâàðèàíòíîãî îòîáðàæåíèÿ K˜ → S1, òî f˜ |K˜ϕ ïðîäîëæàåòñÿ äî
ýêâèâàðèàíòíîãî îòîáðàæåíèÿ K˜ → S1.
àññìîòðèì êëåòêó σ × τ ⊂ K˜ − K˜ϕ, ãäå σ, τ ⊂ K ÿâëÿþòñÿ 1-ìåðíûìè êëåòêàìè. Åñëè îòîáðàæåíèå f˜
ïðîäîëæàåòñÿ íà êëåòêó σ × τ , òî deg f˜
∣∣
∂(σ×τ) = 0. Ìîæíî ïîêàçàòü, ÷òî
deg f˜
∣∣
∂(σ×τ) = fσ ∩ fτ = vf (σ × τ) (mod 2).
Ïîýòîìó åñëè îòîáðàæåíèå f˜ ïðîäîëæàåòñÿ äî ýêâèâàðèàíòíîãî îòîáðàæåíèÿ K˜ → S1, òî vf = 0.
Òåïåðü ïóñòü g : K˜ϕ ∪ sk1 K˜ → S1  ýêâèâàðèàíòíîå îòîáðàæåíèå, òàêîå ÷òî gx = f˜x äëÿ êàæäîãî x ∈
K˜ϕ ∪ sk0 K˜. Îïðåäåëèì êîöåïü vg ∈ C2(K∗,K∗ϕ;Z2) îðìóëîé vg(σ) = deg g |∂σ äëÿ êàæäîé 2-ìåðíîé êëåòêè σ.
Ïóñòü σ ⊂ K˜− K˜ϕ  êëåòêà ðàçìåðíîñòè 1. Âîçüìåì íåñâÿçíîå îáúåäèíåíèå σ⊔σ′ äâóõ êîïèé σ è ïðèêëåèì σ ê
σ′ ïî ãðàíèöå ∂σ = ∂σ′. Ïóñòü dσ  îòîáðàæåíèå ïîëó÷åííîé 1-ìåðíîé ñåðû â S
1
, çàäàííîå îðìóëîé dσx = fx
äëÿ âñåõ x ∈ σ è dσx = gx äëÿ âñåõ x ∈ σ
′
. Îïðåäåëèì êîöåïü vfg ∈ C
1(K∗,K∗ϕ;Z2) îðìóëîé vfg(σ) = deg dσ.
Òîãäà, î÷åâèäíî, vg − vf = δvfg.
Ïîëó÷åííàÿ îðìóëà îçíà÷àåò, ÷òî êîãîìîëîãè÷åñêèé êëàññ [vg] íå çàâèñèò îò âûáîðà ýêâèâàðèàíòíîãî îòîá-
ðàæåíèÿ g : K˜ϕ ∪ sk1 K˜ → S1 è ñîâïàäàåò ñ ïðåïÿòñòâèåì Âàí Êàìïåíà v(ϕ). Ýòî äîêàçûâàåò íàøå óòâåðæäå-
íèå. 
Ïðèìåð 3.3. (ñðàâíè  [16, 1℄) Ñóùåñòâóåò ïàðà êóñî÷íî ëèíåéíûõ ïóòåé ϕ : I → R2, ψ : I → R2 (ñì. èëëþñòðà-
öèþ 11, ãäå èçîáðàæåíà ïàðà ïóòåé f , g, áëèçêèõ ê äàííûì), íå àïïðîêñèìèðóåìûõ ñèíãóëÿðíûìè çàöåïëåíèÿìè
(òî åñòü, îòîáðàæåíèÿìè ñ íåïåðåñåêàþùèìèñÿ îáðàçàìè), óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:
V) Ïðåïÿòñòâèå Âàí Êàìïåíà v(ϕ, ψ) = 0.
D) Îòîáðàæåíèå Φ : { (x, y) ∈ I × I |ϕx 6= ψy } → S1, çàäàííîå îðìóëîé Φ(x, y) = ϕx−ψy‖ϕx−ψy‖ , ãîìîòîïè÷åñêè
ïðîäîëæàåòñÿ äî îòîáðàæåíèÿ I × I → S1.
I) Ïàðà ϕ′, ψ′ àïïðîêñèìèðóåòñÿ ñèíãóëÿðíûìè çàöåïëåíèÿìè.
Äîêàçàòåëüñòâî Ïðèìåðà 3.3. Ïóñòü K,L ∼= I  ãðàû ñ âåðøèíàìè k1, . . . , k5 è l1, . . . , l7, è ïóñòü G  ãðà ñ
âåðøèíàìè a1, . . . , a6 è ðåáðàìè a1a2, a1a3, a1a4, a1a5, a2a3, a2a4 è a2a6. Òðåáóåìûå ñèìïëèöèàëüíûå îòîáðàæå-
íèÿ ϕ, ψ çàäàþòñÿ îðìóëàìè ϕk1 = a1, ϕk2 = a2, ϕk3 = a3, ϕk4 = a1, ϕk5 = a2 è ψl1 = a5, ψl2 = a1, ψl3 = a2,
ψl4 = a4, ψl5 = a1, ψl6 = a2, ψl7 = a6.
àññìîòðèì ïàðó S-àïïðîêñèìàöèé f è g îòîáðàæåíèé ϕ è ψ, ñîîòâåòñòâåííî, ïîêàçàííóþ íà èëëþñòðàöèè 11.
Ëåãêî âèäåòü, ÷òî |fi ∩ gj| = 0 (mod 2) äëÿ ëþáîé ïàðû ðåáåð i ⊂ K, j ⊂ L. Ýòî âëå÷åò âûïîëíåíèå îáîèõ
ñâîéñòâ 3.3.V è 3.3.D (÷òî äîêàçûâàåòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ñëåäñòâèÿ 1.4, ñì. òàêæå Óòâåðæäåíèå 3.1).
Äîêàçàòåëüñòâî ñâîéñòâà 3.3.I  ïðÿìîå âû÷èñëåíèå.
Äîêàæåì, ÷òî ïàðà ϕ, ψ íå àïïðîêñèìèðóåòñÿ ñèíãóëÿðíûìè çàöåïëåíèÿìè. Ïðåäïîëîæèì ïðîòèâîïîëîæíîå
óòâåðæäåíèå. Ïóñòü K13,K35 ⊂ K è L14, L47 ⊂ L  äóãè ìåæäó òî÷êàìè k1 è k3, k3 è k5, l1 è l4, l4 è l7,
ñîîòâåòñòâåííî. Âîçüìåì ìàëóþ îêðåñòíîñòü ãðàà ϕK ∪ ψL íà ïëîñêîñòè è âûáåðåì åå ðàçëîæåíèå ðó÷êè S.
Îáîçíà÷èì ÷åðåç A1, A2 è A äèñêè ðàçëîæåíèÿ íà ðó÷êè S, ñîîòâåòñòâóþùèå âåðøèíàì a1, a2 è ðåáðó a1a2,
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ñîîòâåòñòâåííî. Ïî àíàëîãó Ïðåäëîæåíèÿ Ìèíöà (ñì. àáçàö ïîñëå Îïðåäåëåíèÿ S-àïïðîêñèìàöèè â 2) íàéäóòñÿ
S-àïïðîêñèìàöèè f, g îòîáðàæåíèé ϕ è ψ, ñîîòâåòñòâåííî, ñ íåïåðåñåêàþùèìèñÿ îáðàçàìè. Òàê êàê fK13∩gL = ∅,
òî ïàðû òî÷åê gL14∩∂(A1∪A) è gL47∩∂(A1∪A) íå çàöåïëåíû íà îêðóæíîñòè ∂(A1∪A). Àíàëîãè÷íî, gL14∩∂A2 è
gL47∩∂A2 íå çàöåïëåíû íà îêðóæíîñòè ∂A2. Çíà÷èò, gL14∩∂(A1∪A2∪A) è gL47∩∂(A1∪A2∪A) íå çàöåïëåíû íà
îêðóæíîñòè ∂(A1 ∪A2 ∪A). Òîãäà g íå ìîæåò áûòü S-àïðîêñèìàöèåé îòîáðàæåíèÿ ψ. Ïîëó÷åííîå ïðîòèâîðå÷èå
ïîêàçûâàåò, ÷òî ϕ è ψ íå àïïðîêñèìèðóþòñÿ ñèíãóëÿðíûìè çàöåïëåíèÿìè. 
Áëàãîäàðíîñòè. Àâòîð áëàãîäàðåí À. Ñêîïåíêîâó çà ïîñòîÿííîå âíèìàíèå ê äàííîé ðàáîòå.
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